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Abstract. The sufficient conditions of weak convergence of solutions of stochastic equations in a
space with barriers are obtained. The number of barriers grows to infinity and in a limit they fill some
segment. The equation for the limit process is given.
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[a, b] [[a]] a
(Ω, F, Ft,P) t ≥ 0

X(t) = x + B(t) + Xc(t) Xc(t)
B(t) B(0) = Xc(0) = 0 LX(t, α)

X (t, α)

LX(t, α) = lim
ε→0

1
2ε

∫ t

0

I(α−ε,α+ε)(X(s))d〈Xc〉s.

〈Xc〉s
(t, a)

E
f(x)

Df(x) = lim
ε→0

f(x + ε) − f(x − ε)
2ε

.

f(x) nf(dx)∫ ∞

−∞
g′′(x)f(x)dx =

∫ ∞

−∞
g(x)nf (dx),

g(x)
δa(x) δ a

a f(x)∫ ∞

−∞
f(x)δa(x)dx = f(a).

n ≥ 1 an(i) βn(i) i = 1, 2, ..., n
bn(x) σn(x) x ∈ (−∞,∞)

ξn(t) = x+
n∑

i=1

βn(i)Lξn(t, an(i))+
∫ t

0

bn(ξn(s))ds+
∫ t

0

σn(ξn(s))dwn(s), t ∈ [0, T ].

n wn(t)
Lξn(t, a) ξn

Lξn(t, a) = lim
ε→0

1
2ε

∫ t

0

I[a−ε,a+ε](ξn(s))σ2
n(ξn(s))ds.

νn(dx)
σn(x)

lim
n→∞E sup

t∈[0,T ]

|ξn(t) − ξ(t)| = 0.

ξn ξ



I1. Λ ≥ 1

|bn(x)| + σ2
n(x) ≤ Λ, σ2

n(x) ≥ Λ−1.

I2. |βn(i)| < 1, i = 1, 2, ..., n.

I3. b(x), σ(x), σ2(x) ≥ Λ−1

x ∈ (−∞,∞),

lim
n→∞

∫ x

0

bn(y)dy =
∫ x

0

b(y)dy, lim
n→∞

∫ x

0

|σ2
n(y) − σ2(y)|dy = 0.

I1 I2 n
(Ω =

C[0, T ], F, Ft,P) t ∈ [0, T ] (wn(t), Ft)
(ξn(t), Ft)

μ
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n μ
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(C[0, T ], F)

θn(1) = 1 − βn(1),

θn(i) = θn(1)
i−1∏
j=1

1 + βn(j)
1 − βn(j)

, i = 2, 3, ..., n + 1,

cn(1) = 0, cn(k) = cn(k − 1) +
an(k) − an(k − 1)

θn(k)
, k = 2, 3, ..., n.

{an(i)}
n an(i) < an(i + 1)

i = 1, 2, ..., n − 1 cn(k) < cn(k + 1) k = 1, 2, ..., n − 1
{an} {βn}

II1. {an(i)} ∈ [A, B], lim
n→∞ max

1≤i≤n−1

(
an(i + 1) − an(i)

)
= 0,

lim
n→∞ an(1) = A, lim

n→∞ an(n) = B.

II2. lim
n→∞βn(1) = β, |β| < 1.

II3. Θ ≥ 1
1
Θ

≤ θn(i) ≤ Θ n

i = 1, 2, ..., n + 1.

II4. lim
n→∞

n∏
j=2

1 + βn(j)
1 − βn(j)

= d.

II5. lim
n→∞

n∑
j=2

an(j) − an(j − 1)
θn(j)

= c > 0.



ψn(x)

ψn(x) =
[
θn(1)x + an(1)

]
I(−∞,0](x)+

+
n−1∑
j=1

[
θn(j + 1)

(
x − cn(j)

)
+ an(j)

]
I[cn(j),cn(j+1)](x)+

+
[
θn(n + 1)

(
x − cn(n)

)
+ an(n)

]
I[cn(n),∞)(x).

ψn(x)
(cn(j), an(j)) j = 1, 2, ..., n

ψn(x) ϕn(y)

ϕn(y) =
y − an(1)

θn(1)
I(−∞,an(1)](y) +

n−1∑
j=1

(
y − an(j)
θn(j + 1)

+ cn(j)
)

I[an(j),an(j+1)](y)+

+
(

y − an(n)
θn(n + 1)

+ cn(n)
)

I([an(n),∞)(y).

Dψn(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

θn(1), x < 0,

θn(j + 1), x ∈ (cn(j), cn(j + 1)), j = 1, 2, ..., n− 1

θn(n + 1), x > cn(n),

θn(j) + θn(j + 1)
2

, x = cn(j), j = 1, 2, ..., n;

Dϕn(y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
θn(1)

, y < an(1),

1
θn(j + 1)

, y ∈ (an(j), an(j + 1)),

j = 1, 2, ..., n− 1,

1
θn(n + 1)

, y > an(n),

1
2

(
1

θn(j)
+

1
θn(j + 1)

)
, y = an(j), j = 1, 2, ..., n.

ψn(x) Dϕn(x)

III1. ρ(x) [0, c]

ρ(0) = A, ρ(c) = B x ∈ [0, c]

lim
n→∞ψn(x) = ρ(x).

III2 Φ(z) : Θ−1 ≤ Φ(z) ≤ Θ,

lim
n→∞

∫ y

an(1)

1
Dϕn(z)

dz =
∫ y

A

Φ(z)dz y ∈ (−∞,∞).



III1 ψn(x) x ∈
(−∞,∞)

lim
n→∞ ψn(x) = ψ(x) =

⎧⎪⎨
⎪⎩

(1 − β)x + A, x ≤ 0,

ρ(x), x ∈ [0, c],

(1 + β)d(x − c) + B, x ≥ c.

ϕ(x) ψ(x)

ϕ(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x − A

1 − β
, x ≤ A,

κ(x), x ∈ [A, B],
x − B

(1 + β)d
+ c, x ≥ B,

κ(x) x ∈ [A, B] ρ(x) x ∈ [0, c]

ξn =⇒ ξ

ξ(t) = x + γ1L
ξ(t, A) + γ2L

ξ(t, B) +
∫ t

0

[
v(ξ(s))−

− 1
2
I[A,B](ξ(s))

ϕ′′(ξ(s))
ϕ′(ξ(s))

m2(ξ(s))
]
ds +

∫ t

0

m(ξ(s))dw(s)

γ1 =
ψ′(0+) − ψ′(0−)
ψ′(0+) + ψ′(0−)

, γ2 =
ψ′(c+) − ψ′(c−)
ψ′(c+) + ψ′(c−)

,

v(x) =
b(x)

Φ(x)Dϕ(x)
, m2(x) =

σ2(x)
Φ(x)Dϕ(x)

, m(x) > 0.

I3

I3

y ∈ [R, Q] K
gn(y) g(y) fn(y) f(y)

lim
n→∞ sup

y∈[R,Q]

|gn(y) − g(y)| = 0.

y ∈ [R, Q]

lim
n→∞

∫ y

R

(
fn(z) − f(z)

)
dz = 0.

y ∈ [R, Q]
{yn} ⊂ [R, Q] limn→∞ yn = y

lim
n→∞

∫ yn

R

fn(z)gn(z)dz =
∫ y

R

f(z)g(z)dz.



Fn(y) =
∫ y

R fn(z)gn(z)dz F (y) =
∫ z

R f(z)g(z)dz y

Fn(y) − F (y) =
∫ y

R

fn(z)
(

gn(z) − g(z)
)

dz +
∫ y

R

(
fn(z) − f(z)

)
g(z)dz.

{fn}
{fn − f}

L(A) [R, Q] L1([R, Q], L)

g(z) z ∈ [R, Q]
y ∈ [R, Q]

lim
n→∞Fn(y) = F (y).

Fn(y)
n

|Fn(y2) − Fn(y1)| ≤ K2|y2 − y1|.

lim
n→∞ |Fn(yn) − Fn(y)| ≤ K2 lim

n→∞ |yn − y| = 0.

ψ′(0+) ψ′(0−) ψ′(c+) ψ′(c−)

ηn(t)

ηn(t) = ϕn(x) +
∫ t

0

b̃n(ηn(s))ds +
∫ t

0

σ̃n(ηn(s))dw(s).

b̃n(x) =
bn(ψn(x))
Dψn(x)

, σ̃n(x) =
σn(ψn(x))
Dψn(x)

.

ξn(t) = ψn(ηn(t))
ηn(t)

η(t) = ϕ(x) +
∫ t

0

v(ψ(η(s)))
Dψ(η(s))

ds +
∫ t

0

m(ψ(η(s))
Dψ(η(s))

dw(s).

ψn(x) ψ(x)
ψn(x) ψ(x)

x1 ≤ x2

lim
n→∞ sup

x∈[x1,x2]

|ψn(x) − ψ(x)| = 0.

ψ(x) ψ′(x)
x∫ x

0

Dψn(y)dy = ψn(x) − an(1),
∫ x

0

Dψ(y)dy = ψ(x) − A.

x ∈ [x1, x2]

lim
n→∞

∫ x

0

(
Dψn(y) − Dψ(y)

)
dy = 0.



x1 ≤ x2

lim
n→∞ sup

x∈[x1,x2]

|ϕn(x) − ϕ(x)| = 0.

b̃2
n(x) + σ̃2

n(x) ≤ C1, σ̃2
n(x) ≥ C2,

Ci > 0 n
ηn =⇒ η

lim
n→∞

∫ x

0

b̃n(y)
σ̃2

n(y)
dy =

∫ x

0

v(ψ(y))
m2(ψ(y))

Dψ(y)dy,

lim
n→∞

∫ x

0

1
σ̃2

n(y)
dy =

∫ x

0

(Dψ(y))2

m2(ψ(y))
dy.

χ(x) ∫ H

h

f(χ(x))Dχ(x)dx =
∫ χ(H)

χ(h)

f(x)dx.

I3

lim
n→∞

∫ x

0

b̃n(y)
σ̃2

n(y)
dy = lim

n→∞

∫ ψn(x)

ψn(0)

bn(y)
σ2

n(y)
dy =

∫ ψ(x)

ψ(0)

b(y)
o2(y)

dy =

=
∫ x

0

b(ψ(y))
σ2(ψ(y))

Dψ(y)dy =
∫ x

0

v(ψ(y))
m2(ψ(y))

Dψ(y)dy.

x ∈ [cn(k), cn(k + 1)]

∫ x

0

1
σ̃2

n(y)
dy =

∫ x

0

(Dψn(y))2

σ2
n(ψn(y))

dy =
k−1∑
j=1

∫ cn(j+1)

cn(j)

θn(j + 1)
Dψn(y)

σ2
n(ψn(y))

dy+

+
∫ x

cn(k)

θn(k + 1)
Dψn(y)

σ2
n(ψn(y))

dy =
k−1∑
j=1

∫ ψn(cn(j+1))

ψn(cn(j))

1
σ2

n(y)Dϕn(y)
dy+

+
∫ ψn(x)

ψn(cn(k))

1
σ2

n(y)Dϕn(y)
dy =

∫ ψn(x)

ψn(0)

1
σ2

n(y)Dϕn(y)
dy.

x ∈ (−∞,∞)∫ x

0

1
σ̃2

n(y)
dy =

∫ ψn(x)

ψn(0)

1
σ2

n(y)Dϕn(y)
dy.

lim
n→∞

∫ x

0

1
σ̃2

n(y)
dy =

∫ ψ(x)

ψ(0)

Φ(y)
σ2(y)

dy =
∫ x

0

Φ(ψ(y))Dψ(y)
σ2(ψ(y))

dy =
∫ x

0

(Dψ(y))2

m2(ψ(y))
dy.

ηn(t)

E sup
t∈[0,T ]

|ηn(t)|2 ≤ C(T )(1 + |x|)2,

C(T ) n



ηn =⇒ η

ξn(t) = ψn(ηn(t)) =⇒ ψ(η(t)) = ξ(t).

ξ(t)
ψ(x)

ξ(t) = x +
∫ t

0

v(ξ(s))ds +
∫ t

0

m(ξ(s))dw(s) +
1
2

∫ ∞

−∞
Lη(t, y)nψ(dy).

ψ(x) Dψ(x) x < 0 x ∈ (0, c) x > c

Dψ(x) =

⎧⎪⎨
⎪⎩

ρ′(0+) + 1 − β

2
, x = 0,

(1 + β)d + ρ′(c−)
2

, x = c.

nψ(dy) = (ρ′(0+) − 1 + β)δ0(y)dy + ((1 + β)d − ρ′(c−))δc(y)dy+

+ I[0,c](y)ρ′′(y)dy.

∫ ∞

−∞
Lη(t, y)nψ(dy) = (ρ′(0+) − 1 + β)Lη(t, 0) + ((1 + β)d − ρ′(c−))Lη(t, c)+

+
∫ ∞

−∞
I[0,c](y)Lη(t, y)ρ′′(y)dy.

Lξ(t, ψ(α)) = Dψ(α)Lη(t, α)

∫ ∞

−∞
g(y)LX(t, y)dy =

∫ t

0

g(X(s))d〈M c〉s

X(t)

1
2

∫ ∞

−∞
Lη(t, y)nψ(dy) = γ1L

ξ(t, A) + γ2L
ξ(t, B)+

+
1
2

∫ t

0

I[0,c](η(s))ρ′′(η(s))
m2(ψ(η(s)))
[Dψ(η(s))]2

ds,

γ1 γ2

{fn(x)}, x ∈ [a, b]

K n
b

V
a
(fn) ≤ K [a1, b1] ⊆

[a, b]

lim
n→∞

∫ b1

a1

fn(y)dy = 0,

lim
n→∞

∫ b

a

|fn(y)|dy = 0.



∫ b

a

|f(y)|dy ≤ (b − a)
b

V
a
(f) +

∣∣∣∣
∫ b

a

f(y)dy

∣∣∣∣.
∫ b

a f(y)dy = 0

|f(x)| =
∣∣∣∣f(x) − 1

b − a

∫ b

a

f(y)dy

∣∣∣∣ ≤ 1
b − a

∫ b

a

|f(x) − f(y)|dy ≤
b

V
a
(f).

∫ b

a f(y)dy = I∫ b

a

|f(y)|dy ≤
∫ b

a

|f(y) − I|dy + (b − a)|I| ≤ (b − a)
b

V
a
(f) + |I|.

ε a = x1 < x2 < ... <
xN(ε) = b max

1≤i≤N(ε)−1
(xi+1 − xi) ≤ ε.

∫ b

a

|fn(y)|dy =
N−1∑
i=1

∫ xi+1

xi

|fn(y)|dy ≤
N−1∑
i=1

(xi+1 − xi)
xi+1

V
xi

(fn)+

+
N(ε)−1∑

i=1

∣∣∣∣
∫ xi+1

xi

fn(y)dy

∣∣∣∣ ≤ ε
b

V
a
(fn) +

N(ε)−1∑
i=1

∣∣∣∣
∫ xi+1

xi

fn(y)dy

∣∣∣∣.
ε > 0

lim
n→∞

∫ b

a

|fn(y)|dy ≤ Kε.

ε

II3 III1 K
n

n∑
i=1

|θn(i + 1) − θn(i)| ≤ K,

III2 Φ(x) = (Dϕ(x))−1

v(x) = b(x) m(x) = σ(x)

x

V
0
(Dψn) ≤ ∑n

j=1 |θn(j + 1) − θn(j)| ≤ K x

lim
n→∞

∫ x

0

∣∣∣∣Dψn(y) − Dψ(y)
∣∣∣∣dy = 0,

Dψn(y) Dψ(y)

lim
n→∞

∫ x

0

((
Dψn(y)

)2

−
(

Dψ(y)
)2)

dy = 0.

lim
n→∞

∫ y

an(1)

1
Dϕn(z)

dz = lim
n→∞

∫ ϕn(y)

0

(Dψn(z))2dz =
∫ ϕ(y)

0

(Dψ(z))2dz =
∫ y

A

1
Dϕ(z)

dz.

Φ(x) = (Dϕ(x))−1

n
{θn(k)}k II3



ξn(t)

ξn(t) = x +
n∑

i=1

βn(i)Lξn(t, an(i)) + w(t).

a �= an(i) ξn(t)
an(i)

1+βn(i)
2

1−βn(i)
2

k(n) {1, 2, ..., n}
limn→∞

k(n)
n = l ∈ [0, 1] ψn(x)

ψ(x) x ∈ [0, c]

lim
n→∞(ψ(cn(k(n)) − ρ(cn(k(n))) = 0.

an(i) = i
n+1

i = 1, 2, ..., n A = 0, B = 1 βn(i) = (−1)i

n
i = 1, 2, ..., n

θn(i) =

⎧⎪⎨
⎪⎩

n − 1
n

, i ,

n + 1
n

, i .

i = 1, 2, ..., n− 1 |θn(i + 1) − θn(i)| = 2
n

k = 2, 3, ..., n

cn(k) =
n

n − 1
1

n + 1

{[[
k

2

]]
+

(
k − 1 −

[[
k

2

]])
n − 1
n + 1

}
.

β = 0 d = 1 c = 1 ρ(x) = x limn→∞
k(n)

n =
l ∈ [0, 1]

lim
n→∞(ψn(cn(k(n))) − ρ(cn(k(n))) = lim

n→∞(an(k(n)) − cn(k(n))) =

= lim
n→∞

(
k(n)
n + 1

− cn(k(n))
)

= l − l = 0.

ξ(t) = x + w(t)

an(i)
βn(i) = 1

n i = 1, 2, ..., n β = 0

θn(i) =
(n + 1)i−1

n(n − 1)i−2
, i = 3, 4, ...n + 1,

cn(k) =
n

(n + 1)2

k∑
j=2

(
n − 1
n + 1

)j−2

=
n

n + 1

1 −
(

1 − 2
n+1

)k−1

2
.

θn(i) < θn(i + 1) limn→∞ θn(n + 1) = e−2

d = lim
n→∞

(
n + 1
n − 1

)n−1

= e2.



limn→∞
k(n)

n = l ∈ [0, 1]

lim
n→∞ cn(k(n)) =

1 − e−2l

2
.

c = 1−e−2

2

ρ(x) = −0.5 ln(1 − 2x), x ∈ [0, c]; κ(x) = 0.5
(

1 − e−2x

)
, x ∈ [0, 1].

lim
n→∞(ψn(cn(i)) − ρ(cn(i)) = lim

n→∞

(
k(n)
n + 1

+ 0.5 ln(1 − 2cn(k(n))
)

= 0.

ξ(t)

ξ(t) = x +
∫ t

0

I[0,1](ξ(s))ds + w(t).

2n a2n(i) = i
2n β2n(i) = (−1)i

2 i = 1, 2, ..., 2n β = −0.5
i = 1, 2, ..., 2n

θ2n(i) =
{ 0.5, ,

1.5,

k = 2, 3, ..., 2n

c2n(k) =
1
2n

k∑
j=1

1
θn(j)

=
1
2n

(
2
[[

k

2

]]
+

2
3

(
k −

[[
k

2

]]
− 1

))
.

lim
n→∞

k(n)
2n

= l ∈ [0, 1], lim
n→∞ c2n(k(n)) =

4
3
l.

c = lim
n→∞ c2n(2n) =

4
3
.

ρ(x) = 3
4x x ∈ [0, 4

3 ]
II4 d = 3

∏2n
j=2

1+β2n(j)
1−β2n(j) = 3 n ≥ 1

Dϕn(y) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2
3
, y < a2n(1), y > a2n(2n),

2, y ∈ (a2n(2j − 1), a2n(2j)), j = 1, 2, ..., n,

2
3
, y ∈ (a2n(2j), a2n(2j + 1)), j = 1, 2, ..., n− 1.

ψ(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1.5x, x ≤ 0,

3
4
x, 0 ≤ x ≤ 4

3
,

3
2
x − 1, x ≥ 4

3
,



ϕ(y) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2
3
y, y ≤ 0,

4
3
y, y ∈ [0, 1],

2
3
(y + 1), y ≥ 1.

y y < an(1)

lim
n→∞

∫ y

an(1)

1
Dϕn(z)

dz = 1.5y.

y [0, 1] k(n) = [[2ny]] y ∈ [a2n(k(n)), a2n(k(n)+1)]
n limn→∞ a2n(k(n)) = y

∫ y

a2n(1)

1
Dϕn(z)

dz =
k(n)−1∑

j=1

θ2n(j + 1)
[
a2n(j + 1) − a2n(j)

]
+ θ2n(k(n))

[
y − a2n(k)

]
=

=
1
2n

(
0.5

[[
k(n)

2

]]
+ 1.5

(
k(n) −

[[
k(n)

2

]]
− 1

))
+ θ2n(k(n))

[
y − a2n(k(n))

]
.

n → ∞

lim
n→∞

1
2n

(
0.5

[[
k(n)

2

]]
+ 1.5

(
k(n) −

[[
k(n)

2

]]
− 1

))
= y.

y ∈ [0, 1]

lim
n→∞

∫ y

a2n(1)

1
Dϕn(z)

dz = y.

y > a2n(2n) = 1

lim
n→∞

∫ y

a2n(1)

1
Dϕn(z)

dz = y +
∫ y

1

1.5dz.

III2

Φ(y) =
{ 1.5, y < 0, y ≥ 1,

1, y ∈ [0, 1).

γ1 = − 1
3 γ2 = 1

3

m2(x) =

⎧⎨
⎩

1, x < 0, x ≥ 1,

3
4
, x ∈ [0, 1).

ξ(t) = x − 1
3
Lξ(t, 0) +

1
3
Lξ(t, 1) +

∫ t

0

m(ξ(s))dw(s).




