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ABSTRACT. The Wold decomposition of stationary processes is widely applied in time series predic-
tion and provides interesting insights into the structure of stationary stochastic processes. In 1971,
Kallianpur and Mandrekar, using the notion of resolution of identity and unitary operators, presented
the Wold decomposition for weakly stationary stochastic processes with values in infinite dimensional
separable Hilbert spaces. This paper aims to expand the idea of Wold decomposition to Hilbertian
periodically correlated processes, applying the concept of £-closed subspaces.
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1. INTRODUCTION

In random processes, prediction is a momentous problem. Based on this issue, pro-
cesses can be categorized as deterministic and non-deterministic, see [4, 14]. Although the
deterministic processes are of great importance as models for cyclic and seasonal behav-
ior, they are not of interest in prediction theory. However, prediction of nondeterministic
time series is challenging in many problems.

Using Wold decomposition, introduced by Wold [19], a stationary process can be
written as the orthonormal sum of a purely nondeterministic process and a deterministic
process. This decomposition is the foundation of time domain approach in time series
analysis, digital signal processing, etc, and has a close affinity to spectral analysis of time
series (see [8, 15]). Moreover, it can be applied to provide the best linear prediction in
terms of moving average parameters and innovation processes [12]).

Stochastic processes with values in infinite dimensional Hilbert spaces attract the at-
tention of researchers through last years. These processes are theoretically the building
blocks of functional data analysis. Kallianpur and Mandrekar [7] have studied the Hilber-
tian weakly stationary stochastic processes and established the Wold decomposition and
moving average representation for such processes, using the notion of resolution of iden-
tity and unitary operators. In 2007, Bosq has presented the Wold decomposition for
Hilbertian processes, applying the idea of L-closed subspaces.

Although stationary processes are applied drastically in various fields, they can not
always be the best model for time series data. Some processes, specially in economics
and signal processing, exhibit nonstationary behavior. Among different models for such
processes, periodically correlated or cyclostationary random processes are studied by var-
ious researchers. These processes, which show some periodic rhythm in the structure,
are introduced by Gladyshev (1961). The prediction problem for periodically correlated
sequences has been addressed by Gladyshev [5] who presented conditions for regularity.
Pourahmadi and Salehi [13] and Miamee and Salehi [10] have studied the Wold decom-
position for real-valued periodically correlated processes. Moreover, Pagano [11] has
discussed the connection between periodically correlated sequences and periodic moving
average models.
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The aim of this paper is to extend the idea of Wold decomposition to H-valued peri-
odically correlated processes. For this purpose, Section 2 provides the required notations
and definitions. Section 3 is devoted to the proof of the main theorem of this paper, which
focuses on Wold decomposition, and in the last section, we will apply this decomposi-
tion to present the moving average representation for H-valued periodically correlated
processes.

2. PRELIMINARIES

Let (2, F, P) be a probability space and L?(£2, F, P) be the space of real-valued square
integrable random variables on (£2, 7, P). Consider H to be a separable real Hilbert space,
which is endowed with the inner product (-, -), and the norm ||| ;. Also, let B denotes
the Borel field on H. An F/B measurable mapping & : @ — H is called an H-valued
random variable and it is termed strongly second order (HSSO) if EHE,H%, < 00, see [18].
The space of HSSO random variables will be denoted by L% (Q, F, P).

The mean value of the HSSO random variable &, E(&), is an element of H and is
defined as the Bochner integral of & over Q (see [1]), that is,

BE) = (B) | e (1)

The following properties of the expectation are directly followed by its definition:

i. If & and &y are H-valued random variables and E(&;) and E(&2) exist, then
E(&1 + &2) exists as well and E(&; + &2) = E(&1) + E(&2).

ii. Let & be an H-valued random variable and E(§) exists. If £ is a continuous linear
operator from H into H, then E({(£)) also exists and E(¢()) = ¢(E(E)).

Additionally, the variance and covariance operators of HSSO random variables are
defined in terms of tensorial products. The tensorial product of z and y € H, which is
a random operator, is denoted by = ® y, and is defined as (x ® y)h = (y, h) yz, Vh € H,
see [16]. Some important relationships, which are simple consequences of the definition
of tensorial product, are as follows:

(z+y)Rz=202+y®z TR (Y+2)=r0y+r® 2. (2)
lz®y) = {r)®y, (z@y)l =z ((y), (3)

where * stands for the adjoint of an operator. The variance and covariance operators for
HSSO random variables & and n € H are defined respectively as:

Ce = E[(£ - E(&)) © (E - E(8))], (4)
Cen = E[(E - E(8)) © (n —E(M))]. (5)

It can easily be proved that the operators C¢ and Cy , are nuclear operators [2].

The orthogonality is an important feature of H-valued random variables and is defined
by two different forms. The zero-mean random variables & and 1 are called weakly
orthogonal if E(&,n); = 0 and are said to be orthogonal if, for any z,y € H,
E(&,z);(M,y)y = 0. It can easily be shown that orthogonality, which is equivalent to
Ceq =0, is strictly stronger than weak orthogonality [2]. Further on, the notation &.1n
will denote orthogonality.

Let £ = L(H, H) be the space of bounded linear operators from H to H, where the
operatorial norm is denoted by ||-||,. The notion of L-closed subspaces (LCS) is defined
as follows [2].

Definition. The space G is called an £-closed subspace of L% (€, F, P), if it is a Hilber-
tian subspace of L% (2, F, P) and, for § € G and £ € L, ((§) € G.
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If G contains only zero-mean H-valued random variables, it will be called zero-mean LCS.
For simplicity of notation, let spy(A), A C H, stand for

{Zﬂi(ai); Jis finite, {; € L, a; € A}.
ieJ

It can be proved that for an arbitrary subset F' of L% (Q,F, P), the LCS Gp, generated
by F, is the closure of spy (F) = {Zle Gi(&); e L, & €F k> 1}, (see [2, Theorem
1.8] for the proof). Note that, conventionally, for A C H, sp{A} stands for a space which
is closed under the operation of forming linear combinations of elements in A. Also,
5p{A} denotes the closed linear span of all elements of A in H-topology. Therefore, LCS
is the general form of span closure of a set.

Let m9 stand for the orthogonal projection on G. For any arbitrary zero-mean H-
valued random variable, &, and zero mean LCS G, it can be shown that m9(&) € G
and Cg_no(g)m = 0, for n € G [2]. However, the H-valued random variables does not
essentially have mean zero. To deal with this situation, let us denote by x. the class of
constant H-valued random variables. It can be demonstrated that G = Go@®G,,, where Gy
is the LSC of zero-mean H-valued random variables [2]. Consequently, 9 = 79 4 m9xe
and

(&) = n% (& — E(&)) + E(&). (6)

Note that the orthogonal complement of an LCS is also an LCS [2, Theorem 1.10].

Considering the set of integers, Z, a sequence of HSSO random variables, namely
& ={&,, ne€Z},is called an HSSO discrete time stochastic process. The time domain
of the stochastic process &, M(E), is defined to be the LCS generated by {&, : n € Z}.
Moreover, the LCS generated by {, : n <t} defines the past of & up to time ¢, and
is denoted by M(&,t). Also, NGM(&,t) :== M(E, —o0), which is a LCS, stands for the
distant past of &, see [2].

Definition. An H-valued stochastic process & is called deterministic or singular if
M(&, —o0) = M(E), otherwise, it is called nondeterministic. If M(, —oco) = {0}, where
0 is the zero of L% (Q,F, P), the process is named purely nondeterministic or regular.

This paper focuses on Hilbertian periodically correlated processes, which are defined
as follows.

Definition. An HSSO stochastic process § is periodically correlated (HPC-T) if there
exists a positive integer T such that

E(En) = ]E(Evn—i-T)a (7)
CE,L,E,,,,L — Can,m — Can-ﬁ-T,m-Q—T. (8)
The smallest T in (7) and (8) is called the period of the process &,

Note that, by setting 7" = 1, the results presented in this paper can be applied to
stationary processes.

Remark 2.1. Kallianpur and Mandrekar [7] applied the idea of unitary operators for defin-
ing stationary H-valued random processes. For this purpose, they applied the notation
L?(H) for the subspace of L?(, F, P), generated by

{{&n h) g3 &n € L3 (Q,F,P), n€Z, h€ H}.
Besides, they use L?(H,t) to denote the subspace of L?(Q, F, P), generated by
{(Ens h) s En € L(Q,F,P), n<t, he H).
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Consequently, if N;L2(H,t) = {0}, where 0 is the zero of L?(H), they called an H-valued
process purely nondeterministic. They called the process deterministic if L?(H,t) =
= L?(H), for all t. Based on their approach, an HSSO stochastic process & is station-
ary if there exists an unitary operator Ug : L?(H) — L?(H) such that (&:41,h); =
= Ug(&, h)y, Vh € H. Although the idea of unitary operators can be extended to
periodically correlated processes, this paper will focus on L-closed subspaces. See [6]
for the application of unitary operators, when dealing with complex-valued periodically
correlated processes.

3. WOLD DECOMPOSITION

In infinite dimensional time series analysis, applying Wold decomposition to any sta-
tionary time series results in writing down the process as the sum of two infinite di-
mensional processes, one deterministic and one nondeterministic. The following theorem
represents the Wold decomposition for infinite dimensional periodically correlated pro-
cesses.

Theorem 3.1 (The Wold Decomposition of HPC — T Sequences). Any HPC — T
sequence &; has a unique decomposition

& = G+ 1y, 9)

in which M(&,t) = M(C,t) ® M(n,t), ¢ is an HPC — T deterministic process and 1
is an HPC — T purely nondeterministic process.

Proof. Consider (6) and for simplicity of notation, let &;, t € Z, be a sequence of zero-
mean PC time series. As the first step, let us prove that M(&,t) = M(L,t) & M(n,1).
For each t € Z, let {; be the projection of & on M(E, —oc0), denoted by
G = WM(a’_OO)E,t € ME,—o0),and n, = & — & = & — WM(a’_OO)E,t 1 M(&, —0).
Hence, M({,t) L M(n,t). For each t € Z, &z € M(§,—x) C M(E,t), and
Ne =& — & € M(n,t) C M(&,t). Hence, M(C,t) & MM, t) C M(E,t). To complete the
proof, it is enough to demonstrate that M(&,t) C M(C,t) ® M(n,t). For this purpose,
let w € M(E,t). Define u := mME&E =)y € M(L,t) and v := w — u € M(n,t). Clearly,
w = u + v, which shows that M(§,t) C M((,t) & M(n,t).

To indicate (; is a deterministic process, it will be shown that M({, —oo) = M(C),
or equivalently, M(g, —o0) = M(,t), Vt € Z. In the first part of the proof, it is demon-
strated that, for each t, M((,t) C M(E, —o0). The proof will be continued by showing
that M(&, —00) C M(L, ).

For fixed ¢, suppose that there is a nonzero u € M(§, —o0) © M((,t). For each s <,
u L (5. Moreover,considering the fact that ngs L M(E, —o0), we conclude that u L ns.
Consequently, u L & = (s + Mg, hence u L M(E,t), therefore, u L M(E, —c0). This
implies that v = 0, which is a contradiction. Hence, M(, —o0) C M((,t), which proves
that (; is a deterministic process. Moreover, M(n, —o0) = M(§, —00)OM(, —c0). Since
(+ is a deterministic process, it is easy to demonstrate that M(n, —oc) = {0} therefore,
1 is a purely nondeterministic process.

The last part of the proof is devoted to the periodicity of {; and 1n;. As mentioned
previously, the process &, is considered to have zero mean. Therefore, using the properties
of expectation and tensorial product and periodic behavior of &, stated in Section 2, it
can be shown that for all t € Z:1

E(C) = B(mME=g, ) =

— ME ) (g ) —
=0.
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For x € H, we have:

CHY (z) = B(G @ C) () =
= E(mME®)g @ pME—®)g, ) () =

= M(E"foo)E(Et & Et/)nM(“"’*“)(x) =
_ HM(E,—OO)Cé,t/ﬂM(E,—oo)(x)

_ M(&,foo)cé+T7t'+T7TM(E,,foo)(I) _
= ().
Similarly, it can be demonstrate that E(n;) = E(&;) — E({;) = 0. For all z € H,

Oy (w) = B(& — & @ & — Lo )(w) =
=E(& ® & )(z) —E(& @ Gv)(z) — E(G @ &) () + E(G @ Gv)(2) =
=E(& ® &v)(2) — E(& ® &) &) (2) —

—METOR(E @ £y ) (2) + B(G © G () =
= Cé’t/(a:) - C‘f_’tlnM(’""“)(x) — WM(a’_OO)(x)C?t/ + Cf:’t/ =
_ Oé+T,t’+T(x) _ C«;—FT,tl-‘rTﬂM(Eﬂfoo)(l‘)

_ 7tM(«E,—<><>)Cé+T,t’+T(x) + Cé+T,t’+T _
= CTt]+T,t +T(m). 0

3.1. Moving Average Representation for HPC — T Processes. As stated in the
previous section, any HPC — T process can be decomposed into a deterministic process
and a purely nondeterministic one. This section is devoted to present a moving average
representation for the purely nondeterministic part. In this case, the Wold decomposition
can be used for prediction problem in terms of moving average parameters and the
innovation process, see [12].

Consider the nondecreasing spaces M (&, t). If there exists some tg where M(§,tg — 1)
is a proper subspace of M (&, ty), i.e., M(&,t9 — 1) C M(&, 1), then innovation space of
the sequence &; at time ¢ is defined as:

Ity = ME ) o MEt—1) ={Eec M, t): E LM(E t—1)} (10)

Note that if such tg does not exist, i.e., M(&,t) = M(&,t — 1), for all ¢, the process
& will be deterministic and M(&,t) = M(E, —o0). Equation (10) can be re-stated as
M(E,t) =Z(&,t)  M(E,t — 1). More accurately,

ME ) =0 T(E,5) & M(E, —o0). (11)

i<t

Moreover, Z(&,t) L M(E, —o0), for every t € Z, and, by the Wold decomposition, it
can be proved that Z(&,t) = MW, t)oMMm,t — 1), see [6]. Let dg (t) stand for dim Z(§, ).
Following the same steps as Hurd and Miamee [6], it can be illustrated that dg () = 0 or
1 and dg(t + T') = de(1).

The block innovation at time ¢, Z7 (&, 1), is as follows:

TV (&, t) = ME ) OMELt-T) =
=IEHBIEt-1)® - ®L(Et-T+1). (12)



WOLD DECOMPOSITION OF HILBERTIAN PERIODICALLY CORRELATED PROCESSES 111

The rank or dimension of the block innovation is the number of times in one period that
the innovation is not trivial, i.e.,

di (t) = Z_: dg (t — s). (13)
s=0

It can be concluded from the periodicity of dg(t), i.e., dg(t) = dg(t 4+ T), that df (t) is
constant with respect to t. The process & is called full rank if df () = T.

If & is HPC — T, then the past of n up to time ¢ can be presented, in terms of an
orthogonal sum of innovation spaces, as:

M) =I(ENOIE - @ =d) T(Et-])),
j=0

or, equivalently, as M(n,t) = @ Z;io I7(&,t — jT). This formulation is applied to
present the moving average representation of n;.
Let DT stand for the time indices where &; has positive innovation dimension, that is:

t={t: de(t) > 0}. (14)

For periodic process &;, the set DT is periodic in the sense that if ¢ € D™, then
t+ kT € Dt for every k € Z, see [6]. Moreover,

di (t) = card(D" N {0,1,--- , T —1}).

This notation allows us to have the moving average representation even when &; is not
of full rank, i.e., df (t) < T.

The next theorem provides the moving average representation for a purely nondeter-
ministic H PC — T sequence. For this purpose, consider the following assumptions:
Assumption 1: There exists a periodic set of indices DT with period T, and dg(t) =
=card(DT N{0,1,---, T —1}).

Assumption 2: a;; is a sequence of bounded linear operators such that

2
Yo llagellg < oe,
j>0t—jeD+
and a; 4k = aj for every j, k, t, with t — j € DT,
Theorem 3.2 (Moving Average Representation of HPC — T Sequences). Let & be an

HSSO stochastic process. This process is a purely nondeterministic HPC — T sequence
of rank dg(t) if and only if Assumption 1 holds and there exists a set of orthonormal

innovation processes, T = {N;,, m € D}, such that, for every t,
= > i), (15)
j>0t—jeD+
where a;; satisfies Assumption 2.
Proof. If Part: Let & be given by (15). Since 1,,’s are orthogonal and a;; are square
summable, it can be concluded that &; is a HSSO stochastic process. Based on the
properties of expectation and periodic structure of D and a; ., it can easily be proved

that E(&;) = E(&;47). For t > s, using the properties of Bochner integral and tensorial
product, we have:

Ci* =E(& ®E&) = Yoo g e > apmey) | =

j>0t—jeD+ Jj'>0 s—j'€Dt
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= 2 Y E(aji(e—y) ®ajs(ej)) =

j>0t—j€Dt j'>0 s—j’eDt

= Z Z aj,tE(T]tfj ®T]sfj’)a;‘/,s =

j>0t—j€Dt j'>0 s—j’eD+

_ . t—j,s—j' % _
= Z Z aj’tCn ' ajg =

j>0t—jED* j'>0 s—j'eD+

— . * —
- § : a’]vtcﬂas—t-‘rﬂs -

j>0t—jeD+

— . * —
= E aJ7t+TCTIas+T—t—T+j7s+T =
j>0t—jeD+

=E(r @ Eeyr) = C;+T’3+T~

By orthogonality of n,,, we have:

Cy, ft—j=s—j,

0, ift—j£s—j.

Therefore, &; is HPC —T. Moreover, M(&,t) C M(n,t) and, consequently, N, M(&,t) C
C MMM, t) = {0}, which demonstrates that & is a purely nondeterministic process. To
prove d (t) = card(D* N {0,1,--- ,T — 1}), note that, from (15) and forall 0 <t < T'—1,
there exists card(DT N{0,1,---,T —1}) values of ¢ for which & depends on 1;. For
other values of ¢, the process depends only on the past innovations, i.e., j > 0. More
precisely, for 0 < ¢t < T — 1, & has card(DT™ N {0,1,--- ,7 — 1}) non-zero innovations,
which implies that &; is of rank card(D* N {0,1,--- ,T — 1}).

Only If Part: Suppose that &; is purely nondeterministic HPC — T, and of rank
dg. As mentioned previously, the dimension of the innovation spaces Z(&,p) is zero
or one and Z(§,p) L Z(§,q) for p # q. Let D* = {t:dg(t) = dimZ(§,t) =1}, and
My = &, — mMEP=D(E ) be the unit element of Z(£,p), p € D*. Based on (11) and the
definition of LCS, any X € M(&,t) can be presented in terms of n,, p € D, as

X= > LM,
§>0 t—jeD+
where ¢; € £ and, since & € M(&,t), we have

& = Z ajt(Me—j)-

j>0t—jeD+

E(T]t,j ®T]S*j’) = Cnt_j’s_j/ _ {

. . . . . 2
To determine a; ., note that for each ¢, & is a periodic HSSO process, i.e., E||&||” < oo,
. . 2 .
which results in 37,54, ;cp+llajelly < oo. Also, since the process & demonstrates a
periodic behavior in the mean and covariance operator and DT has a periodic structure,
it can be deduced that a;, is a set of periodic operators, i.e., a; +k1 = Gj¢- O

The introduced moving average presentation can be applied in prediction theory in
time series analysis. For more information on prediction theory see [12]. The follow-
ing example demonstrates moving average representation for an H-valued periodically
correlated autoregressive process.

Ezample (Moving Average Representation for PCARH (1) Processes). An HSSO se-
quence & = {&;, t € Z} is called an H-valued periodically correlated autoregressive pro-
cess of order 1 with period T, or PCARH (1) in abbreviation, if it satisfies

&= &1 + 1, (16)
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where

{n¢, t € Z} is a collection of orthogonal HSSO random variables. Besides, ¢ =

= {bo, b1, - ,dr_1} is a T-periodic sequence in L, i.e., ¢ = deyr, t € Z, see [17].
This process is called causal if it does not depend on the future values of n,, i.e., if
M(E t) C MM,t).

If &; is a causal solution to PCARH (1), then

where

oo
& = Zaj7tnt—j7 (17)
7=0
aor =1, ajr = drdbe_1---bi—jt1, 5 >0, and ijoHaj,t”(Q) < 00. More precisely,
oo T—1
Enryi = Z [aT,nT+i]kaz,nT+m(n—k)T,i—l- (18)
k=0 1=0
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PO3KJIAJ YOJIJA TIIbBEPTOBUX MNEPIOAMYHO KOPEJbOBAHUNX
IIPOIIECIB

A. BAMAHI, 3. CAJIZKAJTHIA, M. XAIIEMI

Anotans. Poskiazg Yosiaga cTamioHApHAX MPOIECIB MIXPOKO 3aCTOCOBYETHCS Y IPOTHO3YBAHHI TaCOBHX
paznis i gae nikaBe po3yMiHHS CTPYKTYPH CTAIiOHAPHEX BUIAAKOBUX npouecis. Y 1971 poui Kamrianmyp
i Manapekap, BUKOPUCTOBYIOYH IIOHSTTS PO3KJAJLy OJUHHUINI Ta YHITAPDHUX ONEpPaTOpIB, NPEICTABUIN
PpO3KJIa L Yosiga [1ist CAa0KO CTAliOHAPHUX BUIIAIKOBUX HIPOLECIB 31 3HAYEHHSIMH B HECKIHY€HHOBUMIPDHUX
rinebeproBux nmpocropax. llsg crarTs Mae Ha MeTi PO3MIMPHUTH i/Ie0 PO3KIATLY YoJiia A0 TiabbepToBuX
epioANYHO KOPEJIbOBAHUX MPOIECIB, 3aCTOCOBYIOUN HOHATTS L-3aMKHEHHUX IiAIPOCTOPIB.



