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Abstract

One approach for sampling members of a rare or hidden population while
still obtaining unbiased estimates of population characteristics is through
the use network sampling. To do this, network data is needed. In this
paper, a model is proposed for generating networks with a structure of a
certain complexity and flexibility. Further, some network properties are
analyzed and discussed for simulated networks.

1 Introduction

In an empirical research, the investigator must attend two issues: sampling and measurement.
Using the extra information from the network structure allows for the design of a sampling
and estimation scheme that may be both more feasible and cheaper to apply. Also, standard
sampling and estimation techniques may not be adequate tools when sampling social networks
since they require known sampling frames and inclusion probabilities. This may not always
be the case when dealing with networks. For instance, when dealing with social networks, the
population may be hidden or hard-to-reach (e.g. illegal immigrants, drug users, commercial
sex workers etc). An alternative to statistical standard analysis techniques is using a network
perspective when approaching the study of these hidden populations. There are various types
of sampling methods developed for network data, where the actors of a system and their con-
nectivity in that system plays an important part in the sampling process. Some examples are
time-space sampling (Muhir et al. 2001), respondent-driven sampling (Heckathorn, 1997) and
snowball sampling (Frank, 1978).
Real-life networks are generally very large, implying that it is a time-consuming task to collect
data to delineate their structure in detail. This makes it desirable to develop models that
capture essential features of real networks. In this paper a model is presented for generating
flexible networks with a certain degree of complexity in structure. An algorithm for generating
such networks is proposed and can be used for simulation and for theoretical calculations.

2 Network and Network Analysis

During recent decades, network analysis have attracted interest from the social and behavioral
science community. This interest can be ascribed to the appealing focus of network analysis
on connections among network entities. The pattern and the implications of these connections
attract researchers since they produce leverage for answering social and behavioral science
questions by giving precise formal definition to aspects of the political, economic, or social
structural environment.



A network is a set of items, which can be called nodes, with connections between them, called
edges. There are many kind of systems taking the form of networks abound the world. Different
types of relations identify different networks, even when imposed on the identical set of elements.
Measurements of connectivity are essential for the characterization, analysis, classification and
modeling of networks. By forming networks of interesting people, organizations, places and
events, connected with links that indicates connection, we can create conceptual images that
facilitate understanding. Some examples of different kinds of networks are the Internet, science
collaboration networks, cellular networks, ecological networks and social networks of acquain-
tances or other connections between individuals.
Network analysis emphasizes the relationships that connect the positions within a system. The
organization of structures thus becomes a central concept in analyzing the structural properties
of a network and understanding particular elements within the structure. These analysis take
into the account both the relations that occur and those that do not exist between the actors.
The formation of present and absent links among the network uncovers the network structure.
A theoretical problem in network analysis is to explain the occurence of different structures and
to account for the variation in linkage to other actors.

2.1 Graph Theory

There are a variety of procedures for describing and analyzing network data, one which is related
to mathematical graph theory. In this section some elementary terms for visual and algebraic
representations of network data is presented.
First some notations. A graph G consists of a set of nodes {1, 2, . . . , N} and an edge set E
representing the relations between the nodes. The number ki of edges incident with a given
node i is called its degree. The classical algebraic representation of a graph is done using a
N ×N adjacency matrix A. For instance, in a directed graph the actors arrayed in the matrix
rows are the initiator of of the specified relation and the actors arrayed across the columns are
the recipients of that relation. The elements of the matrix are N2 values indicating the linkage
between every pair of nodes in the network. These values are binary and defined as

zij =

{
1 if there exists a link from node i to node j
0 otherwise

A general adjacency matrix is given as

A =








z11 z12 · · · z1N

z21 z22 · · · z2N

...
...

. . .
...

zN1 zN2 · · · zNN








. (1)

By summing across matrix entries some useful statistics can be obtained. The outdegree of
actor i is the sum of 1s whithin actor i’s row

outdegreei =

N∑

j=1

zij , (2)

and actor j’s indegrees is calculated as the sum of 1s within j’s columns

indegreej =

N∑

i=1

zij . (3)

Note that when the graph is undirected, the in- and outdegrees are equal.



The order and size of the graph are defined to be the number of nodes and egdes, respectively.
If all N(N − 1)/2 possible lines between the set of N nodes are present, the graph is said to
be complete (that is, the graph in which every pair of nodes is linked by an edge). Two nodes
are adjacent if a line directly connects them. A directed graph (or digraph) consists of the N
points linked by a set of directed lines. The density of a graph is a ratio of its actual size to
the maximum possible size of N nodes, and is in the range [0, 1].
Now, an alternative algebraic representation of a graph is given taking into account not only
the link information, but the link information given different characteristics of nodes and links.
To clarify an eaxmple is given. Assume that we are looking at four persons in a social network
denoted A,B,C and D. These four nodes have different properties (for instance gender) and
relations to one another. See Figure (1).

Figure 1: An example of a network consisting of four nodes. The solid lines represent work
collegues, the dashed line represents neighbours and the directed arrows represent appreciation.
The white and shaded circles may for instance be men and women.

The solid lines represent work collegues, the dashed line represents neighbours and the directed
arrows represent appreciation by a node to another. As seen, person A, B and C work together
and B appreciates A as a collegue. Person A has B and D as neighbors and D appreciates A as
a neighbor. There is no link between person C and D.
In a two dimensional matrix representation we would only see the links between the nodes (as
given in matrix (1)), not the characteristics of these relations. Thus, not only may the link
information be of interest, but also information about the type of relations moving across the
graph. This valuable information should be considered when performing network analysis. The
general algebraic presentation of the example above is as given below.
We have a set of nodes 1, . . . , N and properties for each node denoted by Xik where i = 1, . . . , N
and l = 1, . . . , p. These properties may be out degrees or the number of edges from the nodes.
Other may be ordinary variables like monthly income or political preference. A N × p matrix
where the nodes are the matrix rows and the columns represents the node properties is

X =








x11 x12 · · · x1p

x21 x22 · · · x2p

...
...

. . .
...

xN1 xN2 · · · xNp








. (4)

Further, a set of edges or links between node pairs i and j is defined as

(i, j) ∈ E ⊆ {(X,Y ); X,Y = 1, . . . , N, X 6= Y }. (5)



and properties for the node pair links are defined as

Zijk(i, j) ∈ E k = 1, . . . , q (6)

Letting M denote the count of the subsets E, a M × q matrix can be created where the rows
represent node pairs and the link properties are given in the columns.
Following the example given in Figure (1) we have X as a 4 × 2 gender matrix where the
elements are 1 if woman and 0 if man,

X =







1 0
0 1
1 0
0 1







. (7)

Further, we have that A is the three dimensional tensor where the binary elements zijk are the
values of a relation k between individual i and j. Thus we have for property ’appreciation’ and
relation ’collegue’

A =







− 1 1 0
2 − 1 0
1 1 − 0
0 0 0 −







, (8)

and for property ’appreciation’ and relation ’neighbour’

A =







− 1 0 1
1 − 0 0
0 0 − 0
2 0 0 −







. (9)

3 Generating a Network

There are {1, 2, . . . , N} nodes in the population. For each node a lot of properties are determined
from a multivariate distribution F , one component of which is the degree, e.i. we first generate
matrix X as defined in previous section. This is done independently but conditional on the
sum of the degrees being even (the number of in- and outdegrees are equal). Given these links,
properties for all links can be created. These properties should be independent for different
links given the properties of the nodes. The degree counts can also be obtained from a given
distribution and the graph is simulated thereafter. When the number ki of node i is determined
for each node, the network is constructed by the following algorithm. A simple graph is described
here with only one type of undirected edges.

1. Let ki denote the degree of node i where i = 1, . . . , N .

2. The cumulative degree is given as

i∑

j=1

kj = ri, r0 = 0. (10)

3. Next, create a row vector of length rN where

xi = m, if rm ≥ i ≥ rm−1 (11)



It will look as follows



1 · · · 1
︸ ︷︷ ︸

k1 elements

2 · · · 2
︸ ︷︷ ︸

k2 elements

· · · N − 1 · · · N − 1
︸ ︷︷ ︸

kN−1 elements

N · · · N
︸ ︷︷ ︸

kN elements



 (12)

e.g.
[1 1 1 2 2 3 4 4 4 4 5 7 7 . . .]

corresponds to k1 = 3, k2 = 2, k3 = 2, k4 = 5, k5 = 1, etc.

4. Permute vector randomly. Note that there are rN ! possible permutations available here.

5. Create pairs in the vector by dividing into sequences of length 2. These are the node
pairs.

6. If no nodes have link loops to themselves and no link pairs appear twice or more, accept
the generated network. Otherwise, restart from (4).

We need the condition that the proposed network may be formed, e.g. no degree may be larger
than half the sum of degrees, or larger than (N − 1). In the cases discussed in this paper, only
the first condition (that the degree sum is even) is essential from a practical point of view.
A similar routine may be created for digraphs but the condition will now be that the sum of the
out degrees equals the sum of in degrees, which is a more restrictive condition from a simulation
point of view.
It can be shown that the number of rejected networks is relatively small and that a graph with
the following properties can be created within a reasonable amount of time, as long as the
degree order ki is kept low relative to the graph size.

4 Properties of a Network

Some properties of networks are presented and later applied on simulated networks.

4.1 Transitivity/Clustering

In many networks it is found that if node A is connected to node B and node B connected
to node C, then there is a higher probability that node A also will be connected to node C.
Considering social networks, this means that the friend of your friend is likely also to be your
friend. A measure for this is the clustering coefficient. Watts and Strogatz (1998) introduced
the clustering coefficient for the whole system as

C =
1

N

∑

i

Ci, (13)

where Ci is the local cluster coefficient for a given node i

Ci =
2Ei

ki(ki − 1)
, (14)

and Ei is the number of links between the nearest neighbours of node i. The sum in equation
(2) is restricted to nodes with degrees larger than 1. It can be said that the cluster coefficient
quantifies how close the node and its neighbors are to being a clique or a complete graph, e.i.
a graph in which every node is connected to every other node in the graph. This fraction can
range from 0 to 1.



4.2 Average Path Lengths

The average distance between all pairs of nodes is a way to determine whether a network is
compact- with shortest path linking most pairs- or spread out, with many long paths. Average
path legnth is defined as the average number of steps along the shortest paths for all possible
pairs of network nodes. It can be viewed as a measure of how quickly information can flow
through the network. Most real networks have a very short average path length leading to the
concept of a small world where everyone is connected to everyone else through a very short
path.
The average path length lG for an unweighted graph G with N nodes is defined as

lG =
1

N(N − 1)

∑

i,j

d(zi, zj), (15)

where d(zi, zj) denotes the number of edges (or distance), corresponding to the shortest path,
required to get from node i to node j, where i 6= j.

5 Simulation Study

In this section, the strucutural properties of a simulated networks following the algorithm given
in section (3) is considered. The hypothetical populations created here consist of two equally
sized groups conditioned on having fixed number of degrees in each group.
As mentioned in section (4) of this paper, among the structural parameters, the average shortest
path length (APL) and the cluster coefficient (CC) are important characteristics of a graph.
APL is the average fewest number of steps it takes to get from each node to every other, and is
thus an emergent property of a graph indicating how compactly its nodes are interconnected.
CC is the average probability that any pair of nodes is linked to a third common node by a single
edge, and thus describes the tendency of its nodes to form local clusters. High values of both
APL and CC are found in regular graphs, in which neighboring nodes are always interconnected
yet it takes many steps to get from one node to the majority of other nodes, which are not
close neighbors. At the other extreme, if the nodes are instead interconnected completely at
random, both APL and CC will be low.
The results from 16 different simulated networks with arbitrary links is presented. Each pop-
ulation consist of two equally sized groups in two population sizes, N = 10 and N = 100,
where each group has been given fixed out-going links conditional on their in-going links. The
structural properties of these networks are quantified by their clustering coefficient (CC) and
average path lengths (APL). Table 1 and 2 present calculated 95% predicition intervals for
these two measures. These intervals are of interest when simulating the distribution of a real
network with the given degree counts.

6 Results and Discussion

Not all simulations are ready at this moment so the simulation results will be discussed during
presentation.



Table 1: 95% prediction intervals for 1000 simulations of the the cluster coefficient (CC) in
a two group network consisting of size N = 10 and N = 100. Each group in the population is
equally large and simulations are run for some arbitrary degree combinations, k1 and k2 (see
Appendix B).

CC CC
(N=10) (N=100)

k1,k2 lower upper lower upper

2,4 0.0008 0.5090 0.0088 0.0466
3,5 0.2056 0.5268 0.0041 0.0503
4,6 0.4014 0.5915 0.0162 0.0562
5,5 0.3334 0.5201 0.0138 0.0509

Table 2: 95% prediction intervals for 1000 simulations of the avergae path legnth (APL) in
a two group network consisting of size N = 10 and N = 100. Each group in the population is
equally proportioned and simulations are run for some arbitrary degree combinations, k1 and
k2 (see Appendix B).

APL APL
(N=10) (N=100)

k1,k2 lower upper lower upper

2,4 1.7245 2.1021 0.0100 0.0477
3,5 1.5436 1.6661 3.4521 3.5710
4,6 1.4295 1.4666 2.9968 3.0608
5,5 1.4444 1.4444 3.0094 3.0754
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