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Abstract

In this paper overview of the synthetic estimator for the domain total is given
considering the design based approach. In this case it is known that synthetic
estimator is not unbiased for the domain total. The expression of the bias is given
for the population and the domain case.

1 Introduction

1.1 Design based approach in matrix notation

Consider a finite population U = (1, 2, ..., N) that consist of N units. A probability

sample is drawn from U according to some sampling design, characterized by a random

sampling vector I = (I1, I2, ..., IN )′ with Ii indicating the number of selections of unit

i from U :

I ∼ p(k) = Pr(I = k),

where k = (k1, k2, ..., kN )′ is an outcome of I (Traat et al. 2004, Tillé, 2006).

For without-replacement (WOR) designs Ii ∈ {0, 1} and for the with-replacement de-

signs Ii ∈ {0, 1, 2, ...}. Note that the sample size n can be expressed as n = I′1, where

1 is the N -dimensional vector of ones.

Depending on the sampling design, n can be random or fixed. A sampling design with

fixed n is called a fixed size sampling design.

The parameter of interest is the population total ty,

ty = y′1, (1)

where y = (y1, y2, ..., yN )′ is the study variable. In general, surveys have many study

variables. For our purpose, as well in sampling literature elsewhere, it has been enough

to develop formulas for the one-dimensional case.

In this paper we consider the design-based approach, i.e. properties of the estimators

(expectation and variance/covariance) are determined only by the sampling design.



Let Ĭ = (Ĭ1, Ĭ2, ...., ĬN )′ be the expanded sampling vector, where

Ĭi =
Ii

E(Ii)
(2)

and E(Ii) is the design-based expectation. Note that E(Ĭ) = 1.

The linear estimator of ty that uses only study variable values is

t̂y,lin = y′Ĭ = y̆′I, (3)

where y̆ is the expanded study vector with elements y̆i = yi/E(Ii). The estimator (3)

is design-unbiased, E(t̂y,lin) = ty.

Since t̂y,lin = y′Ĭ =
∑

U
Ii
E(Ii)

yi, where the summation goes over the all elements i ∈ U ,

the qualities Ĭi (given by formula (2)) are usually called design weights. They weights

up sampled yi values to produce estimated population total. From this prospective we

call sometimes the vector Ĭ the weight vector.

The design-based variance of t̂y,lin can be written in a matrix form as

V(t̂y,lin) = y̆′∆y̆, (4)

where ∆ is the N ×N covariance matrix of I.

Under WOR design (3) is usually called Horvitz-Thompson (HT) estimator and under

WR designs it is called the Hansen-Hurwitz estimator. Note that the unified consider-

ation of WOR and WR designs is not the usual one in sampling literature. It has been

forcefully developed in Traat (2000), Traat, Meister, Sõstra (2001), Tillé (2006). Since

in addition to WOR-designs, also some WR designs are very implemental in practice

(Traat, Ilves, 2007) we continue to use the unified consideration in this thesis.

1.2 Linear estimator for domain

Nowadays the estimation of the domain parameters became an undividable part of the

estimation in a whole. As it is defined in Srndal et al. (1992, p. 386) we use the

term domain for the subpopulation for which separate point estimates and confidence

intervals are required.

Let U be divided into D non-overlapping domains Ud, d ∈ D = {1, 2, ..., D} with Nd

being the size of the domain Ud. We are interested in the domain totals of study



variable y:

tdy =
∑

i∈Ud

yi = y′d1, (5)

where yd is vector of elements yi ∈ Ud and the 1 is the vector consisting of Nd ones.

The sampling is carried on the whole population, therefore the sample sizes in the

domains are random. We also assume that we can identify for the object i ∈ U if it

belongs to the domain or not. In the traditional approach the domain indicator-vector

δd = (δd1, δd2, ..., δdN )′, d ∈ D, where δdi = 1 if yi ∈ Ud and 0 otherwise, is usually used

as possibility to apply the estimation theory of the population total for the domain

estimation. According to this approach the domain total (5) can be rewritten as

tdy =
∑

i∈U

δdiyi = δ′dy, (6)

and the linear estimator (3) can be applied to tdy.

2 Synthetic estimator

An estimator of the total y that uses auxiliary information X : N × p is based on an

assisting linear regression model, called ξ. The regression model ξ (Särndal et al., 1992,

p. 226) has the following features that can be written in a matrix form:

(i) The components of y = (y1, y2, ..., yN )′ are assumed to be realized

values of independent random variables;

if considered as random variables, the following holds:

(ii) Eξ(y) = Xβ,

(iii) Vξ(y) = Σ = diag (σ2),

where Eξ and Vξ denote expected value and variance with respect to the model ξ, and

where β = (β1, β2, ..., βp)′ and σ2 = (σ2
1, σ

2
2, ..., σ

2
N )′ are model parameters.

2.1 Synthetic estimator for the population total

Synthetic estimator is defined as a sum of the predicted values of some assisting regres-

sion model ξ (Srndal et al., 1992, p. 399),

t̂y,syn = t′xb̂, (7)



where b̂ is a the sample-estimated regression coefficient-vector and tx = X′1. The

quantity b̂ can be found as

b̂ = T̂
−1

t̂xy, (8)

where t̂xy = X′Σ−1Ĭdiagy and T̂ = X′Σ−1ĬdiagX are design-unbiased estimators of

totals txy = X′Σ−1y and T = X′Σ−1X.

The estimator (7) is non-linear. To study its properties it need to be expand into the

Taylor series.

Proposition 1. The Taylor expansion of the synthetic estimator (7) up to the second

order term is

t̂y,syn ≈ t′xT
−1t̂xy − (t′xyT

−1 ⊗ t′xT
−1)vec(T̂−T)

−(t̂xy − txy)′(T−1 ⊗ t′xT
−1)vec(T̂−T)

+vec′(T̂−T)(T−1txy ⊗T−1 ⊗ t′xT
−1)vec(T̂−T), (9)

where ⊗ is the Kronecker product, vec(·) is the operation of the vectorization.

Proposition 2. Theoretical expression of the bias of t̂y,syn, obtained from the Taylor

expansion (9), is

b(t̂y,syn) ≈ −vec′
[
Cov

(
t̂xy, vec(T̂)

)]
vec(T−1 ⊗ t′xT

−1)

+vec′
[
V

(
vec(T̂)

)]
vec(T−1txy ⊗T−1 ⊗ txT−1). (10)

The bias expression is obtained from the second-order term of (9) that makes its very

small, almost negligible. So, in the case of the estimation of the population total ty the

synthetic estimator is almost unbiased.

2.2 Synthetic estimator for the domain total

The idea of the synthetic estimator of the domain total is that all domains are similar,

so we could ”borrow strength” from all domains in order to construct an estimate for

any single domain,

t̂ d
y,syn = (td

x)′b̂, (11)

where td
x the vector of auxiliary sums in the domain Ud.



From (11) it can be easily seen that synthetic estimator for domain has the property

of additivity,
∑

d∈D
t̂ d
y,syn =

[∑

d∈D
(td

x)′
]

b̂ = (tx)′b̂ = t̂y,syn. (12)

Analogically to the synthetic estimator for the population total, estimator (11) can be

expanded into the Taylor series in order to study its properties. We use only the linear

term of the Taylor series because it describes the majority of the estimator.

Proposition 3. The linear term of the Taylor expansion of the synthetic estimator

(11) for the domain d is

t̂dy,syn ≈ (td
x)′T−1t̂xy − (t′xyT

−1 ⊗ (td
x)T−1)vec(T̂−T). (13)

Proposition 4. Theoretical expression of the bias of t̂ d
y,syn, obtained from the Taylor

expansion (9), is

b(t̂ d
y,syn) ≈ (td

x)′T−1txy − tdy. (14)

2.3 Simulation study

For the simulation an artificial population was created with to independent auxiliary

variables, X1 ∼ Bin(1, 0.7) and X2 ∼ N(20, 32), so that the first auxiliary variable is

binary variable. For the study variable the following rule was used:

Yi = 2 ∗X1i + 0.7 ∗X2i + εi, i = 1, ..., 1000,

where ε ∼ N(0, 1). The relationships between study and the auxiliary variables is

strong enough, Corr(X1, Y ) = 0.41 and Corr(X2, Y ) = 0.84.

This population was divided into three domains of different sizes. Some basic charac-

teristics of the domains are given below.

Table 1: Population characteristics, domain sizes
Domain Nd Mean, sd

y

tdy/Nd

1 99 11.64 3.51
2 259 13.91 6.14
3 642 16.75 8.19

Population 1000 15.50 2.55



Domains are formed so that domain characteristics were different from the population

ones. The simple random sampling procedure was used to produce estimates with

R = 1000 repetitions and the sample size n = 100. The sampling was carried on the

whole population, which gave the random sample sizes in the domains. In the average,

sample sizes in the domains were n1 = 10, n2 = 26 and n3 = 64. Two cases were ob-

served in simulations, one with binary and another with continuous auxiliary variable.

The following characteristics were calculated:

the mean syn. estimator in the domain Ud: t̂dsyn = 1
R

∑R
i=1 t̂dsyn,(i),

the mean bias of the syn. estimator: b(t̂ d
y,syn) = t̂dsyn − tdy,

the mean linearly estimated bias (from (14)): b̂d = 1
R

∑R
i=1 b̂(t̂dsyn,(i)),

the mean linear estimator in the domain Ud: t̂dlin = 1
R

∑R
i=1 t̂dlin,(i),

the st. deviation of the syn. estimator: D(t̂dsyn) =
√

1
R

∑R
i=1(t̂

d
syn,(i) − t̂dsyn )2,

the st. deviation of the lin. estimator: D(t̂dlin) =
√

1
R

∑R
i=1(t̂

d
lin,(i) − t̂dlin )2,

the root mean square error of (11): RM(t̂dsyn) =
√

1
R

∑R
i=1(t̂

d
syn,(i) − td )2.

Results are given in Table 2 separately for the binary auxiliary variable X1 and for

the continuous auxiliary variable X2.

Table 2: Simulation results
X1-binary variable is used

tdy t̂dsyn b(t̂ d
y,syn) b̂d t̂dlin D(t̂dsyn) D(t̂dlin) RM(t̂dsyn)

Dom. 1 1 153 1 053 -100 -84.6 1 122 17.5 334 102.1
Dom. 2 3 602 2 834 -768 -747 3 616 47.2 587 770.8
Dom. 3 10 754 7 450 -3 304 -3 364 10 780 124 803 3309.2

X2-continuous variable is used

tdy t̂dsyn b(t̂ d
y,syn) b̂d t̂dlin D(t̂dsyn) D(t̂dlin) RM(t̂dsyn)

Dom. 1 1 153 1 119 -34.2 -24.0 1 122 9.58 334 35.56
Dom. 2 3 602 3551 -51.5 -23.5 3 616 30.41 587 59.83
Dom. 3 10 754 10811 57.2 31.4 10 780 92.59 803 108.85



From the Table 2 it can be seen that results are more accurate (in a sense of bias

and variance) for the continuous auxiliary variable. For both auxiliary variables, the

synthetic estimator has a smaller variance than the linear estimator. In a case of the

continuous auxiliary variable, where assisted linear regression model is well fitted for

the sampled units, the root mean square error of the synthetic estimator is better that

variance of the linear estimator. It is not so in the case of the binary auxiliary variable,

where linear regression model is not the better one.

The estimated bias (14), where linear estimators are used for the unknown totals, is

able to describe the majority of the bias. But due to the large variance of the linear

estimator, it is not reasonable to use it in a practise in order to correct the synthetic

estimator.
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