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On the 100th anniversary of the birth of I.I. Gikhman

I.I. Gikhman
May 26, 2018 marks the 100th anniversary of the birth of Iosif Ilyich Gikhman, a world-wide known mathematician,

expert in the field of probability theory and mathematical statistics, with a great number of important pioneering
results which now have become classical ones, and who was one of the founders of the Ukrainian school of probability
theory and theory of stochastic processes.

Iosif Ilyich Gikhman was born in Uman in the Kiev province (now Cherkasy region of Ukraine) on May 26, 1918.
In 1935 he enrolled at, and in 1939 graduated from the Physics and Mathematics Faculty of Kiev University and began
his scientific career in postgraduate studies under the supervision of N.N. Bogolyubov.

I.I. Gikhman in his younger years
Scientific work was interrupted by the World War II, in which I.I. Gikhman had participated (1941 – 1945). Just

before the war, he already prepared a Ph.D. (Candidate of Sciences) thesis “Dynamic systems under the influence of
random forces”. But he did not have time to defend it before leaving to the front. Throughout the war I.I. Gikhman
had been staying in the army, was wounded, and had military awards. During a short leave from the army, in 1942 he
defended his thesis at the Institute of Mathematics of the Uzbek Academy of Sciences. After the war, I.I. Gikhman
worked first at the Kiev Automobile and Highway Institute, and from 1948 to 1966 he worked at the Kiev State
University as an assistant professor, professor, and a head of the Department of Probability Theory. In 1955, he
defended his doctoral dissertation “Markov processes and some problems of mathematical statistics”, and in 1959
I.I. Gikhman received the title of professor.

Department of Probability Theory and Mathematical Statistics, 1960s
Top row: D. Gusak, G. Butsan, R. Boiko, V. Anisimov, D. Silvestrov, A. Turbin

Bottom row: I. Ezhov, G. Syta, I. Gikhman, A. Dorohovtsev, A. Skorokhod, M. Yadrenko, M. Portenko,
V. Koroliuk, L. Lobanova
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In 1965, I.I. Gikhman was elected a Corresponding Member of the Academy of Sciences of the Ukrainian SSR.
Since 1966 he had been in charge of the Department of Probability Theory of the Institute of Applied Mathematics
and Mechanics of the Academy of Sciences of the Ukrainian SSR in Donetsk and directed the scientific work of the
Department of Probability Theory at Donetsk State University.

Iosif Ilyich Gikhman died on July 30, 1985.
I.I. Gikhman’s works are devoted mainly to various problems of mathematical statistics and the theory of random

processes. He made the most significant contribution to the theory of stochastic differential equations, being one of the
creators of this important research area in probability and stochastic processes. In his first works, developing the ideas
of N.N. Bogolyubov, I.I. Gikhman began to study the behavior of dynamical systems under the influence of random
perturbations. Generalizing the concept of a dynamical system under the influence of a random process, in 1947 he
came to the definition of a stochastic differential equation. In the subsequent papers, the conditions for the existence
and uniqueness of solutions of stochastic differential equations were investigated, the dependence on the initial data
was studied, and the inverse Kolmogorov equations for the transition probabilities were derived. Also, Bogolyubov’s
averaging method was proved for random processes that are solutions of stochastic differential equations, and certain
classes of stochastic partial differential equations were studied.

The second important direction of I.I. Gikhman’s research is the limit theorems for stochastic processes. Here, he
founded several new directions. He proposed a general method for constructing asymptotic expansions for distributions
of additive functionals of a Markov chain converging to a continuous diffusion process (1952). He obtained first results
about the convergence of functionals of the sequence of sums of independent random variables for the case, where the
limiting process with independent increments is discontinuous (1953). I.I. Gikhman first discovered the fact of the
lack of invariance in limit theorems for certain classes of additive functionals, such as the number of intersections of a
certain domain by a random curve (1957).

I.I. Gikhman’s research in mathematical statistics is characterized by the consistent application of methods of the
theory of random processes and limit theorems for constructing statistical tests. He studied the influence of the data
grouping on the limiting distributions of the Kolmogorov and Smirnov test statistics, and also constructed some new
nonparametric tests, which take into account the heterogeneity of the sample space (1952 – 1958). The Kolmogorov-
Smirnov tests are often applied to parameter-dependent distributions, and the parameters themselves are estimated
through some statistical procedure. I.I. Gikhman investigated how such procedure influences the limiting distribution
of the test statistic. It turned out that the limiting distribution depends on the type of the initial distribution essentially
(1953 – 1956).

In 1970, I.I. Gikhman won an M.M. Krylov prize of the Academy of Science of Ukrainian SSR (together with
A.V. Skorokhod), and in 1982, he was awarded the State Prize of the Ukrainian SSR. For his significant contribution
to pure and applied research, I.I. Gikhman was awarded the Order of the Badge of Honour.

I.I. Gikhman was not only a talented scientist, who started a number of new research areas in probability theory
and mathematical statistics, but also a remarkable teacher, educator of students and young scientists.

Iosif Ilyich has always been very serious about pedagogical activity. Many generations of students at Kiev University,
as well as mathematicians working in different fields, recall with great warmth his remarkable lectures on mathematical
analysis, probability theory, integral equations and calculus of variations, functional analysis, number theory. His
pedagogical activity played an important role in the formation of Donetsk University. The special courses taught by
Iosif Ilyich were devoted to the most topical issues of modern probability theory.

Thirty three scientists wrote their Ph.D. (Candidate of Sciences) theses under his supervision: V.V. Baklan,
V.M. Bandura, B.V. Bondarev, Ya.S. Brodsky, O.S. Chani, A.Ya. Dorogovtsev, M.O. Diesperova, I.I. Ezhov, A.P. Ga-
tun, H. Hekendorf, O.A. Illiashenko, I.I. Kadyrova, M.A. Karabash, V.M. Klepikov, A.M. Kolodii, B.M. Kucher, Li
Shi Lin, Yu.M. Linkov, B.Ya. Lukacher, S.Ya. Makhno, Kh. Mansurov, S.A. Melnyk, T.S. Piasetska, Ye.I. Poliakova,
M.I. Portenko, L.Ye. Shaikhet, A.D. Shatashvili, A.Yu. Shevlyakov, A.Ye. Skvortsov, O.F. Taraskin, M.Y. Yadrenko,
Yu.V. Zhaurov, L.A. Zuev.

His books “Introduction to the Theory of Random Processes”, 3 volumes of “The Theory of Stochastic Processes”,
“Stochastic Differential Equations”, “Controlled Stochastic Processes”, “Stochastic Differential Equations and Their
Applications”, co-authored with A.V. Skorokhod, were translated into English and played an exceptional role in the
development of modern probability theory and theory of stochastic processes. Here is the Introduction to the English
edition of the “Introduction to the Theory of Random Processes”, 1996:

“Although there are many books available on the theory of random processes, there are few books featuring rigorous
exposition that are suitable for elementary instruction. This is such a book. Designed for students who have had a
general course in probability theory, it covers general topics in the theory of random processes (including measure theory
and axiomatization of probability theory) as well as more specialized questions: processes with independent increments,
Markov processes and limit theorems for random processes.

A significant feature of the book is a unique and beautiful treatment of processes with independent increments,
which assumes no prior knowledge of the theory of infinitely divisible laws. A wealth of results, ideas and techniques
distinguish this text, one of the first to survey in a rigorous way the more modern results in the theory of stochastic
processes and to link them to earlier developments in the subject.”

The books by I.I. Gikhman became classical, and they still have not lost their significance. Here are some excerpts
from the reviews of “The Theory of Stochastic Processes” (in 3 volumes), which are still relevant in our times:

“Gikhman and Skorokhod have done an excellent job of presenting the theory in its present state of richt imperfec-
tion.” D.W. Stroock in Bulletin of the American Mathematical Society, 1980.

“To call this work encyclopedic would not give an accurate picture of its contant and style. Some parts read like a
textbook, but others are more technical and contain relatively new results. ... The exposition is robust and explicit, as
one has come to expect of the Russian tradition of mathematical writing. The set when completed will be an invaluable
source of information and reference in this ever-expanding field ” K.L. Chung in American Scientist, 1977.

“..., the subject has grown enormously since 1953, and there will never be a true successor to Doob’s book, but
Gihman and Skorohod’s three volumes will, I think, occupy a rather similar position as an invaluable tool of reference
for all probability theorists. ... The dominant impression is of the authors’ mastery of their material, and of their
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confident insight into its underlying structure. ...” J.F.C. Kingman in Bulletin of the London Mathematical Society,
1977.

Goodwill, soft humor, willingness to help and give advice in difficult situations, great erudition, love of history,
music, painting – all these qualities aroused sincere admiration from everyone, who was fortunate enough to know
Iosif Ilyich closely.

Iosif Ilyich Gikhman will always be remembered as a talented scientist, a wonderful pedagogue, a caring teacher,
and a responsive friend.

Scientific papers, monographs and tutorials
by I.I. Gikhman and co-authors

1. Gikhman I. I. On passing to the limits in dynamical systems. Naukovi Zapyski Mekh. Mat., Kiev Univ. 5, 1941,
141 – 149. (Ukrainian)

2. Gikhman I. I. An influence of a random process on a dynamical system. Naukovi Zapyski Mekh. Mat., Kiev Univ.
5, 1941, 119 – 132. (Ukrainian)

3. Gikhman I. I. On the influence of a random process on a dynamic system, Thesis, KSU, 1941.
4. Gikhman I. I. On the influence of a random process on a dynamical system. Nauk. zapiski KGU 5, 1941, 32.
5. Gikhman I. I. On a scheme of constructing random processes. Doklady Akad. Nauk SSSR 58, 1947, 961 – 964.

(Russian)
6. Gikhman I. I. On the theory of differential equations of random processes. Ukrain. Mat. Zhurnal 2, no. 4, 3, 1950,

7 – 63. (Russian)
7. Gikhman I. I. On some differential equations with random functions. Ukrain. Mat. Zhurnal II, no. 3, 1950, 45 –

69. (Russian)
8. Gikhman I. I. On the theory of differential equations of random processes. II. Ukrain. Mat. Zhurnal 3, 1951, 317 –

339. (Russian)
9. Gikhman I. I. On one theorem of N.N. Bogolyubov. Ukr. Math. Journal, 4: 2, 1952, 215 – 231.
10. Gikhman I. I. On a refinement of the law of large numbers, Mat. Sb. KGU, No. 6, 1952, 59 – 65.
11. Gikhman I. I. On the empirical distribution function in the case of data grouping, Dokl. Akad. Nauk, 82: 6, 1952,

837 – 840.
12. Gikhman I. I. Some limit theorems for conditional distributions. Dokl. Akad. Nauk, 91: 5, 1953, 1003 – 1006.
13. Gikhman I. I. On a theorem of A.N. Kolmogorov. Matem. Sb. KGU, No. 7, 1953, 76 – 94.
14. Gikhman I.I. Markov processes in problems of mathematical statistics. Ukr.Mat.Zh 6: 1, 1954, 28 – 36.
15. Gikhman I.I., Gnedenko B.V. Development of probability theory in Ukraine. Proceedings of the Kyiv University,

Natural sciences, 1954, 59 – 94.
16. Gikhman I.I. On some limit theorems for conditional distributions and on problems of mathematical statistics

connected with them. (Uber einige Grenzwertsatze fur bedingte Verteilungen und uber mit ihnen zusammenhangende
Aufgaben der mathematischen Statistik.) (Russian) Ukr. Mat. Zh. 5, 1954, 413 – 433.

17. Gikhman I.I. On the theory of differential equations of stochastic processes. I, II. (English) Am. Math. Soc.,
Transl., II. Ser. 1, 1955, 111 – 137, 139 – 161.

18. Gikhman I.I. Markov processes and some problems of mathematical statistics. Doctor of Science thesis, Kiev, 1955.
19. Gikhman I.I. On asymptotic properties of certain statistics similar to the value χ2. (Russian. English summary)

Teor. Veroyatn. Primen. 1, 1956, 344 – 348.
20. Gikhman I.I., Gnedenko B.V. Development of Probability Theory in Ukraine. Historical and mathematical research,

Issue IX, 1956, 477 – 536.
21. Gikhman I.I., Gnedenko B.V., Smirnov N.V. Nonparametric methods of statistics. Proceedings of the III All-union

Math. Congress, vol. III, 1956, 320 – 334.
22. Gikhman I.I., Gnedenko B.V. Mathematical Statistics. In: “Mathematika v SSSR za 40 let”, I, 1958, 797 – 808.
23. Gikhman I.I. Some Theorems on Empirical Distribution Functions, Visnyk KGU, No. 1, Ser. Astronom. matem.,

mechanic, vol. 2, 1958, 13 – 29.
24. Gikhman I.I. A limit theorem for the number of maxima in the sequence of random variables in a Markov chain.

(English. Russian original) Theor. Probab. Appl. 3(1958), 1961, 154 – 160; translation from Teor. Veroyatn.
Primen. 3, 1958, 166 – 172.

25. Gikhman I.I. Ob odnoy teoreme A.N. Kolmogorova. (On a theorem by A. N. Kolmogorov). Nauch. Zap. Kiyevsk.
Univ., Matem. Sb., 7; 1958, 76 – 94.

26. Gikhman I.I. On the number of intersections by a random function of the boundary of a given domain. Proceedings
of All-union Meeting on the Theory of Probability, Yerevan, 1958, 247 – 262.

27. Gikhman I.I. On the question of the number of overlaps of the boundary of a given area by a random function.
(Russian) Tr. Vsesoyuzn. Soveshch. Teor. Veroyatn. Mat. Stat., Erevan 1958, 247 – 262 (1960).

28. Gikhman I.I. On some limit theorems for conditional distributions and on problems of mathematical statistics
connected with them. (English) Select. Transl. Math. Stat. Probab. 2, 1962, 5 – 26.

29. Gikhman I.I.; Kolmogorov A.N.; Korolyuk V.S. Boris Vladimirovich Gnedenko (on the 50th anniversary). (German.
Russian original) Russ. Math Surv. 17, No. 4, 1962, 105 – 113; translation from Usp. Mat. Nauk 17, No. 4(106),
1962, 191 – 200.

30. Gikhman I.I. Markov Chains, Ukr. Rad. Encyclopedia, vol. 8, 1962.
31. Gikhman I.I. Estimates of the parameters of random variables, Society “Znanie” KDNTP, 1964, 1 – 40.
32. Gikhman I.I.; Dorogovtsev A.Ya. On the stability of the solutions of stochastic differential equations. (English.

Russian original) Am. Math. Soc., Transl., II. Ser. 72, 1968, 229 – 250; translation from Ukr. Mat. Zh. 17, No.6,
1965, 3 – 21.

33. Gikhman I.I., Skorokhod A. V. Introduction to the Theory of Random Processes. (Russian), Izd. Nauka, Moscow
1965.

34. Gikhman I.I. On the stability of the solutions of stochastic differential equations. (Russian) Predel. Teoremy Stat.
Vyvody, Tashkent, 1966, 14 – 45.
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35. Gikhman I.I. Stochastic differential equations. Abstracts and reports of the scientific conference of the Donetsk
state university. University, Donetsk, 1966, 189 – 190.

36. Gikhman I.I., Skorokhod A. V. On the densities of probability measures in functional spaces. Uspekhi Mat. Nauk
21: 6, 1966, 83 – 152.

37. Gikhman I.I., Skorokhod A. V. Stochastic Differential Equations. (Russian), Naukova Dumka, Kiev 1968, 354.
38. Gikhman I.I. Some limit theorems for stochastic differential equations. (Russian) Mat. Fiz., Respubl. Mezhvedom-

stv. Sb. 4, 1968, 28 – 33.
39. Gikhman I.I. Convergence to Markov processes. Ukrainian Mathematical Journal, Volume 21, Issue 3, 1969, pp.

263 – 270.
40. Gikhman I.I. Stochastic Differential Equations and Limit Theorems. (Russian) Proceedings of the 6th Math. School,

Kaciveli 1968, 1969, 5 – 58.
41. Gikhman I.I. Convergence to Markov processes. (Russian) Ukr. Mat. Zh. 21, 1969, 316 – 324.
42. Gikhman I.I. On the weak convergence of measures corresponding to random processes to the Markov measure.

Congres International des Mathematiciens, Nice, 1970, Les 265 communications individuelles, 1970, 138 – 139.
43. Gikhman I.I Limit theorems of probability theory. In “Istoria otechestvennoi matematyky”, Vol. 4, Book II, Kiev,

Naukova Dumka, 1970, 13 – 29.
44. Gikhman I.I. Statistical theory of nonlinear systems with discontinuous trajectories. (Russian) Analit. Met. Teor.

nelin. Koleb. 1. Trudy 5 mezdunarod. Konf. 1969, 193 – 205 (1970).
45. Gikhman I.I. The weak compactness of a set of measures which correspond to the solutions of stochastic differential

equations. (Russian) Mat. Fiz., Respubl. Mezhvedomstv. Sb. 7, 1970, 49 – 65.
46. Abramenko S.A.; Gikhman I.I.; Krasnoselski M.A.; Kren S.G.; Shakhnovski S.M.; Eidel’man S.D. Aleksandr

Vladimirovich Tovbin (1915 – 1943). (Russian) Usp. Mat. Nauk 25, No. 3(153), 1970, 246 – 247.
47. Gikhman I.I. Basic concepts of probability theory. Donetsk, Donetsk State Univ., 1970, 152 p.
48. Gikhman I.I Introduction to measure theory. A tutorial. Donetsk, DonGY, 1971, 170p.
49. Gikhman I.I, Taratuta A.S., Yadrenko M.I. Some models of random fluctuations. Mezhved. Sb. “Computational

and Applied Mathematics”, vol. 14, 1971, 36 – 47
50. Gikhman I.I About Random Events. Sb. “U sviti matematyky”, 3, Kiev, 1971, 27 – 48.
51. Gikhman I.I.; Kadyrova I.I. Some results of the study of stochastic differential equations. (Russian) Teor. Sluch.

Proc. 1, 1973, 51 – 68.
52. Gikhman I.I. Stability of solutions of stochastic differential equations. (English) Select. Translat. Math. Statist.

Probab. 12, 1973, 125 – 154.
53. Gikhman I.I. (ed.) Theory of random processes. (Russian) Respublikanskii mezvedomstvennyi sbornik (The repub-

lican interdepartmental collection of scientific papers). Issue 1. Kiev: Naukova Dumka, 1973, 140 p.
54. Gikhman I.I. Limit theorems for sums of infinitesimal random summands. Abstracts of the International conference

on Probability Theory and Math. St., Vilnius, vol. 1, 1973.
55. Gikhman I.I., Skorokhod A.V. The Theory of Stochastic Processes. Nauka, Moscow (in Russian original), Vol. I,

1971, 664 p. (English – 1973).
56. Gikhman I.I., Piasetskaya T.E. Two types of stochastic integrals with respect to martingale measures on the plane.

Dokl. Akad. Nauk Ukrain. SSR A, No. 11, 1973, 963 – 966.
57. Gikhman I.I The theory of martingales and its applications. Donetsk, DonSU, 1973, 120 p.
58. Gikhman I.I. Controllable half-march chains. (Russian) Kibernetika, Kiev 1974, No.1, 1974, 107 – 112.
59. Gikhman I.I.; Kadyrova I.I. Some results in investigation of stochastic differential equations. (English) Theor.

stoch. Processes, No.1, 1974, 58 – 76.
60. Gikhman I.I. Limit theorems for sequences of series of random variables. (Russian) Teor. Sluch. Proc. 2, 1974, 37

– 47.
61. Gikhman I.I. Determination of the stress state of a plate with two circular openings, the contours of which have

small random deformations. (Russian) Mekh. Tverd. Tela 6, 1974, 149 – 156.
62. Gikhman I.I., Skorokhod A.V. The Theory of Stochastic Processes. Nauka, Moscow (in Russian), Vol. II, 1975, 630

p.
63. Gikhman I.I. A periodic problem for a plate with circular holes and possessing random deviations.(English) Sov.

Appl. Mech. 11, 1975, 66 – 70.
64. Gikhman I.I.; Pyasetskaya T.E. Two types of stochastic integrals from the martingale measures on the plane.

(Ukrainian) Dopov. Akad. Nauk Ukr. RSR, Ser. A, 1975, 963 – 966.
65. Gikhman I.I. About the representation of continuous random processes with the help of processes with independent

increments.. (Russian) Teor. slucain. Process., respubl. mezvedomst. Sbornik 3, 1975, 22 – 30.
66. Gikhman I.I. Periodic problem for a plate with openings that have random deviations from a circular shape.. (Rus-

sian) Prikl. Mekh. 11, No.1, 1975, 82 – 87.
67. Gikhman I.I., Skorokhod A.V. The Theory of Stochastic Processes. Nauka, Moscow (in Russian original), Vol. III,

1975, 496 p.
68. Gikhman I.I., Piasetskaya T.E. Stochastic integrals over difference martingales on a plane, DEP VINITI No. 1427

– 75, 1975, 30 p.
69. Gikhman I.I. Difference martingales of two arguments. Proceedings of the School-Seminar on the Theory of Random

Processes (Druskininkai) November, 1974, 25 – 30, Vilnius, 1975, 33 – 68.
70. Gikhman I.I. The square integrable difference martingales of two parameters. (Russian) Teor. Veroyatn. Mat. Stat.

15, 1976, 21 – 30.
71. Gikhman I.I. About the Ito formula for two-parameter stochastic integrals. (Russian) Teor. Sluch. Proc., Vol. 4,

1976, 40 – 48.
72. Gikhman I.I. Quadratically integrable difference martingales of two arguments. Theory Probab. and Math. Stat.,

no. 15, Kiev, 1976, 21 – 30.
73. Gikhman I.I., Skorokhod A.V. Controllable stochastic processes. (Russian) Nauk. Dumka, Kiev, 1977.
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74. Gikhman I.I., Skorokhod A.V. Introduction to the Theory of Random Processes, Nauka, Kiev, 1977.
75. Gikhman I.I. On a quasi-linear stochastic partial differential equation. (Russian) Teor. Sluch. Proc. Vol. 5, 1977,

21 – 27.
76. Gikhman I.I. Asymptotic behavior of the solution of a mixed problem describing random forced oscillations. (English)

Sov. Appl. Mech. 13, 1977, 1090 – 1095.
77. Gikhman I.I.; Pyasets’ka T.E. On existence of solutions for a class of partial stochastic equations. (Ukrainian)

Dopov. Akad. Nauk Ukr. RSR, Ser. A, 1977, 387 – 390.
78. Gikhman I.I.; Pyasetskaya T.E. On a class of stochastic partial differential equations containing two-parametric

white noise. (Russian) Limit Theor. for Random Process., Akad. Nauk Ukr. SSR, Inst. Mat., 1977, 71 – 92.
79. Gikhman I.I. Asymptotic behavior of solutions of a mixed problem describing random forced oscillations. (Russian)

Prikl. Mekh. 13, No.11, 1977, 18 – 24.
80. Gikhman I.I.; Pyasetskaya T.E. On the existence of solutions of a class of stochastic partial differential equations.

Dokl. Akad. Nauk Ukr. SSR, No. 5, 1977, 389 – 390.
81. Gikhman I.I. Square integrable difference martingales of two parameters. (English) Theory Probab. Math. Stat.

15, 1978, 21 – 29.
82. Gikhman I.I. On a generalization of the inverse Kolmogorov equation. (Russian) Behavior of systems in random

media, Work Collect., Kiev, 1979, 11 – 17.
83. Gikhman I.I. The boundary value problem for a stochastic equation of parabolic type. (Russian) Ukr. Mat. Zh. 31,

1979, 483 – 489.
84. Gikhman I.I. On a mixed problem for the second order partial stochastic parabolic equation. (Ukrainian) Dopov.

Akad. Nauk Ukr. RSR, Ser. A, 1979, 403 – 406.
85. Gikhman I.I. Stochastic partial differential equations. (Russian) Qualitative investigation methods of nonlinear

differential equations and nonlinear vibrations. Collect. sci. Works, Kiev, 1981, 25 – 59.
86. Gikhman I.I. Two-parameter martingales. (English) Russ. Math. Surv. 37, No.6, 1982, 1 – 29.
87. Gikhman I.I. On a formula for the differentiation of a stochastic integral with respect to a parameter. (Russian)

Teor. Sluch. Proc. 10, 1982, 6 – 13.
88. Gikhman I.I. Two-parameter martingales. (Russian) Usp. Mat. Nauk 37, No.6(228), 1982, 3 – 28.
89. Gikhman I.I.On the theory of bimartingales. (Russian) Dokl. Akad. Nauk Ukr. SSR, Ser. A, No.6, 1982, 9 – 12.
90. Bazalij B.V.; Gikhman I.I.; Skrypnik I.V. Ivan Ill’ich Danilyuk (on his fiftieth birthday). (Russian) Ukr. Mat. Zh.

34, 1982, 196 – 197.
91. Gikhman I.I., Skorokhod A.V. Stochastic differential equations, Nauka, Kiev, 1982.
92. Gikhman I.I. Transformation formula for continuous bimartingales. (Russian) Dokl. Akad. Nauk Ukr. SSR, Ser.

A, No.4, 1983, 5 – 8.
93. Gikhman I.I. Two-parameter fields of diffusion type. (English. Russian original) Sov. Math., Dokl. 30, 1984, 309

– 312; translation from Dokl. Akad. Nauk SSSR 278, 1984, 20 – 23.
94. Gikhman I.I. On a variant of two parameter diffusion. (Russian. English summary) Dokl. Akad. Nauk Ukr. SSR,

Ser. A, No.1, 1984, 10 – 13.
95. Gikhman I.I. A model of a diffusion field of two arguments. (Russian) Teor. Sluch. Proc. 13, 1985, 13 – 20.
96. Gikhman I.I. On the representation of functionals on a Wiener field. (English. Russian original) Russ. Math.

Surv. 40, No.4, 1985, 181 – 182; translation from Usp. Mat. Nauk 40, No.4(244),1985, 153 – 154.
97. Gikhman I.I. On the structure of two-parameter diffusion fields.(English) Statistics and control of stochastic pro-

cesses, Proc. Steklov Semin., Moscow 1984, Transl. Ser. Math. Eng., 1985, 122 – 146.
98. Gikhman I.I. Symmetric stochastic integral on the plane. (Russian. English summary) Dokl. Akad. Nauk Ukr.

SSR, Ser. A, No.6, 1985, 3 – 7.
99. Gikhman I.I. On the representation of functionals of a Wiener sheet by stochastic integrals. (English) Stochastic

optimization, Proc. Int. Conf., Kiev/USSR 1984, Lect. Notes Control Inf. Sci. 81, 1986, 37 – 49.
100. Gikhman I.I. On a formula for differentiating a stochastic integral with respect to a parameter. (English) Am.

Math. Soc. 137, Transl., Ser. 2, 1987, 77 – 85.
About I.I. Gikhman

1. Danilyuk I.I.; Korolyuk V.S.; Mitropolskij Yu.A.; Skorokhod A.V.; Yadrenko M.I. Fiftieth birthday of Iosif Illich
Gikhman. (English) Ukr. Math. J. 20, 1968, 316 – 319.

2. Iosif Ilyich Gikhman. (English. Russian original) Theory Probab. Appl. 31, 1987, 116 – 117; translation from
Teor. Veroyatn. Primen. 31, No.1, 1986, 126 – 127.

3. Iosif Ilyich Gikhman (obituary). (Russian) Teor. Veroyatn. Primen. 31, No.1, 1986, 126 – 127.
4. Skorokhod A.V.; Yadrenko M.I. I. I. Gikhman: A brief review of scientific and pedagogic activity. (English.

Ukrainian original) Theory Probab. Math. Stat. 50, 1995, 1 – 5; translation from Teor. Jmovirn. Mat. Stat. 50,
1994, 1 – 5.

5. Linkov Yu. N.; Yadrenko M. I. To the 80th birthday of Iosif I. Gikhman. (English) Theory Stoch. Process. 4(20),
No.1 – 2, 1998, 1 – 16.

6. Portenko M.I. I.I. Gikhman (on the 90th anniversary of his birth). (Ukrainian) Dorogovtsev, A. A. (ed.), Matem-
atika siogodni 07. Vyp.13. Kyiv: “Fakt”, 2007, 159 – 166.

7. Portenko M.I. Beginning of the Ukrainian school of probability theory: a historical sketch. (Ukrainian, English)
Teor. Jmovirn. Mat. Stat. 79, 2008, 1 – 4; translation in Theory Probab. Math. Stat. 79, 2009, 1 – 5.
We tried to collect the fullest list of I.I. Gikhman’s publications, but still, there may be articles that are missing

on our list.

Compilers: O. Borysenko, Yu. Mishura, L. Sakhno, G. Shevchenko, O. Vasylyk, O. Hopkalo
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From left to right: I. Gikhman (son) and L. Shaikhet on the unveiling of the commemorative plaque to I.I. Gikhman,
Uman, 2008

From left to right: S. Melnyk, D. Gusak, L. Shaikhet on the unveiling of the commemorative plaque to I.I. Gikhman,
Uman, 2008

Commemorative plaque to I.I. Gikhman, Uman
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From left to right: T. Zhmykhova, Yu. Mishura and S. Makhno on the unveiling of the commemorative plaque to
I.I. Gikhman, Uman, 2008

S. Makhno is giving a presentation at the Conference dedicated to the 90th anniversary of I.I. Gikhman, Uman, 2008

M. Portenko is giving a presentation at the Conference dedicated to the 90th anniversary of I.I. Gikhman,
Uman, 2008
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Yu. Mishura is giving a presentation at the Conference dedicated to the 90th anniversary of I.I. Gikhman,
Uman, 2008

From left to right: A. Shatashvili, Yu. Bodrov (Mayor of Uman in 2008), I. Gikhman (son), S. Makhno on the
unveiling of the commemorative plaque to I.I. Gikhman, Uman, 2008

L. Shaikhet and V. Yasinskii at the Conference dedicated to the 90th anniversary of I.I. Gikhman, Uman, 2008
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I.I. Gikhman, the ally of A.V. Skorokhod

V.S. Koroliuk

1. I.I. Gikhman, a disciple of N.N. Bogolyubov. The Bogolyubov averaging principle [1, 2] for oscillatory
systems naturally gives rise to the averaging problem for random evolution in the ergodic phase space of states of a
random environment. At the same time, there arose the problem of justifying the solution of a stochastic differential
equation. The first results in this direction were obtained by I.I. Gikhman with the help of the limiting transition
from the difference equation to the differential equation [3]. So I.I. Gikhman should be considered the creator of the
theory of stochastic differential equations, like Itô.

2. I.I. Gikhman, A.V. Skorokhod and other prominent representatives of Ukrainian probabilistic
school. The academician of the National Academy of Sciences of Ukraine B.V. Gnedenko moved to Kiev from Lviv
in 1949. B.V. Gnedenko gave birth to the Ukrainian school on probability theory and mathematical statistics, of
which I.I. Gikhman became an active member. His doctoral thesis [4] is devoted to the generalization of Kolmogorov’s
results to the case of empirically determined parameters of the initial distribution. In addition, I.I. Gikhman published
an algorithm for constructing an asymptotic expansion in the scheme of the law of large numbers [5]. More general
results of the convergence of random processes in the scheme of series with a small series parameter were obtained by
A.Ya. Khinchin [6].

Using the method of constructing the asymptotic expansions outlined in the works of A.Ya. Khinchin and I.I. Gikh-
man, I began to construct asymptotic expansions for Kolmogorov and Smirnov’s consent criteria, which became
my Ph.D. thesis defended in June 1954 at the Institute of Mathematics with opponents of the I.I. Gikhman and
A.N. Kolmogorov.

Four years later, in 1958, A. Kolmogorov discovered the article by Zhang Li-tsyan [7], in which additional terms of
the asymptotics appeared.

An analysis of the simplest random walk on a segment has determined the existence of additional terms of the
asymptotics that have a singularity in a neighborhood of the boundary values, and are called the boundary layer.

“Oh, would I have discovered the boundary layer in 1954!” - written in my memoirs [8].
It turned out that the presence of boundary layers in singular problems of mechanics is described in the monograph

by M.I. Vishik and L.A. Lyusternik, published in Uspekhi Mat. Nauk, vol.12, 1957 [9].
To construct an integral boundary layer, we need a theory of integral equations on the half-axis, which was presented

in the monograph of M.G. Kerin, Uspekhi Mat. Nauk, vol. 13, 1958. [10].
The problem of boundary layers in asymptotic analysis for random walks was realized by me in my doctoral disserta-

tion “Asymptotic analysis in boundary problems of random walks”, defended in June 1963. Opponents: B.V. Gnedenko,
I.I. Gikhman and M.Y. Vishik [11].

In 1965, I.I. Gikhman was elected a corresponding member of the National Academy of Sciences of Ukraine for
the Donetsk regional department where I.I. Gikhman created a school on the theory of probability and mathematical
statistics.

A significant achievement of I.I. Gikhman along with A.V. Skorokhod is the creation of three volumes of the theory
of random processes [12] and an additional volume “Stochastic differential equations and their applications”, 1982 [13].

The role of these volumes can not be overestimated. However, this is a topic for a separate discussion.
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И.И. Гихман – соратник А.В. Скорохода

В.С. Королюк

1. И.И. Гихман - ученик Н.Н. Боголюбова. Принцип усреднения Боголюбова [1,2] для колебательных
систем породил естественным образом проблему усреднения для случайных эволюций в эргодическом фазовом
пространстве состояний случайной среды.

Вместе с тем возникла проблема обоснования решения стохастического дифференциального уравнения.
Первые результаты в этом направлении получены И.И. Гихманом с помощю предельного перехода от разносного
уравнения к дифференциальному [3]. Так что И.И. Гихмана нужно считать создателем теории стохастических
дифференциальных уравнений, как и К. Ито.

2. И.И. Гихман, А.В. Скороход и другие выдающиеся представители украинской вероятностной
школы. Академик НАН Украины Б.В. Гнеденко переехал в Киев из Львова в 1949 году. Б.В. Гнеденко
породил украинскую школу по теории вероятностей и математической статистике, активным членом которой
стал И.И. Гихман. Его докторская диссертация [4] посвящена обобщению результатов А.Н. Колмогорова на
случай эмпирически определяемых параметров исходного распределения. Кроме того И.И. Гихман опубликовал
алгоритм построения асимптотического разложения в схеме закона больших чисел [5]. Более общие результаты
о сходимости случайных процессов в схеме серий с малым параметром серии получены А.Я. Хинчиным [6].

Используя метод построения асимптотических разложений, изложенных в работах А.Я. Хинчина и И.И. Гих-
мана, я занялся построением асимптотических разложений для критериев согласия Колмогорова и Смирнова,
что стало моей кандидатской диссертации, защищенной в июне 1954 года в ИМ с оппонентами И.И. Гихман и
А.Н. Колмогоров.

Спустя 4 года, в 1958 г. А.Н. Колмогоров обнаружил статью Чжан Ли-цяна [7], в которой появились
дополнительные члены асимптотики.

Анализ простейшего случайного блуждания на отрезке выяснил наличие дополнительных членов асимптоти-
ки, которые обладают сингулярностью в окрестности граничных значений, и называются погранслоем.

"Эх, мне бы обнаружить погранслой в 54 году!" – написано в моих воспоминаниях [8].
Оказалось, что наличие погранслоев в сингулярных задачах механики описано в монографии М.И. Вишика

и Л.А. Люстерника, опубликованной в УМН, т.12, 1957 г. [9].
Для построения интегрального погранслоя необходима теория интегральных уравнений на полуоси, изложен-

ная в монографии М.Г. Крейна УМН, т.13, 1958 г. [10].
Проблема погранслоев в асимптотическом анализе для случайных блужданий была реализована мной в

докторской диссертации “Асимптотический анализ в граничных задачах для случайных блужданий”, защищен-
ной в июне 1963 г. Оппоненты: Б.В. Гнеденко, И.И. Гихман, М.Й. Вишик [11].

В нашем докладе с И. Самойленко будет представлена проблема регулярности вырождения для погранслоев
в асимптотическом анализе марковских и полумарковских случайных эволюций [12].

В 1964 г. И.И. Гихман был избран членом-корреспондентом НАНУкраины по отделению Донецкого филиала.
И.И. Гихман создал в Донецке школу по теории вероятностей и математической статистики.

Существенным достижением И.И. Гихмана вместе с А.И. Скороходом считается создание трех томов теории
случайных процессов [13] и дополнительного тома “Стохастические дифференциальные уравнения и их приложе-
ния”, 1982 г. [14].

Роль этих томов трудно переоценить. Однако это тема отдельного обсуждения.
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About my dear University teacher Iosif Ilyich Gikhman

Igor Nikolaevich Kovalenko

Being a University student of a prominent scientist and pedagogue Iosif Ilyich Gikhman, I describe a fact of his influence on
the choice of my profession as well as other facts of his life and his works known to me. I tried to retell some episodes throwing
light on his personality.

Iosif Ilyich Gikhman (1918–1985) is an outstanding scholar in the scope of probability theory and mathematical
statistics.

He was graduated from Kyiv University in 1939. His scientific activity started in late 30s under a guidance of
Nikolay N. Bogolyubov. In 1941 there were published his first papers about the influence of a statistical process on a
dynamical system. They formed his PhD Thesis (1941).

From the beginning of the war against Germany and its allies, Gikhman was at war: he took part in the Stalingrad
battle being wounded there. Just after the war his work restarted in Kyiv University and continued in Donetsk
University. This work continued throughout his life.

Iosif Ilyich was an erudite: he was able to teach any mathematical subject from the University program.
As concerns mathematical creative activity, Gikhman’s contribution is invaluable. Indeed he has achieved weighty

results in such problems as differential equations of stochastic processes, deriving conditions for the convergence
of several classes of processes to diffusion and Markov processes, stochastic integrals, martingales including two-
dimensional ones, limit theorems for some functionals of stochastic processes relating level intersections, number of
peaks etc.

A valuable contribution was made by I.I. Gikhman to mathematical statistics, especially to the theory of distribution-
free tests.

Many Gikhman’s results are included to world-wide known common monographs by I.I. Gikhman and A.V. Sko-
rokhod. In a pioneering paper “Limit theorems for stochastic processes” (1956) A.V. Skorokhod mentioned I.I. Gikhman
as one of a few authors whose results preceded his theory.

I was graduated from faculty of Mechanics and Mathematics of Taras Shevchenko Kyiv State University in 1957.
Before the student’s period I attended studies of a Sunday mathematical circle for higher form pupils at the faculty
of Mechanics and Mathematics. The circle was guided by postgraduate students Vladimir S. Mikhalevich, Anatoly
G. Kostyuchenko and Glib N. Sakovich. Becoming a student I was recognized by all of them; afterwards Mikhalevich
became a one of my beloved teachers. Iosif Ilyich Gikhman was a lecturer of linear algebra for the first year studying
students of the faculty of Mechanics and Mathematics.

When two years of our University studies were over, each student had to make a decision: to join either mathematical
or mechanical group, on his or her will. Following the agitation of an elder student I would have joined the mechanics;
but Iosif Ilyich dissuaded me from such choice. Naturally I listened to Iosif Ilyich deeply respected by all the students.
The choice of the mathematics was the only right decision for me: I hardly have a good mechanical intuition; on the
contrary, I have a much better mathematical intuition.

Within the chosen mathematical group, I was joined to those students whose studies were directed by the Probability
Department. Academician Boris Vladimirovich Gnedenko was its Chief; I. I. Gikhman was a senior lecturer whereas
Vladimir S. Mikhalevich, Vladimir S. Korolyuk, Anatoly V. Skorokhod and other colleagues were assistants or
postgraduate students.

Very soon a distinguished professor Lev Arkadievich Kaluzhnin who left Germany for Kyiv, joined Gnedenko’s
Department. This Department was a united collective of people devoted to common aims.

At that time Gnedenko and Gikhman were already eminent scholars; as for other colleagues, many of them have
got their laurels in some time. So, Mikhalevich, Skorokhod, Korolyuk and the Author became academicians, Gikhman
and Yadrenko became corresponding members of the Academy of Sciences.

In 1956 I.I. Gikhman defended his full doctoral Thesis. Its theme concerned random processes associated to Kol-
mogorov distribution-free test. Academicians N.N. Bogolyubov, A.N. Kolmogorov and B.V. Gnedenko were opponents.

B.V. Gnedenko always thought of aesthetical aspects of mathematics. His speech was finished by such excellent
words: “Iosif Ilyich brings us in a fantastic world of differential equations”.

A weekly scientific seminar of the Probability Department of Kyiv University is a wonderful institution working
during several decades. It united probabilists and statisticians of many generations.

Prominent scientists of elapsed times B.V. Gnedenko, I.I. Gikhman, A.V. Skorokhod, M.I. Yadrenko guided the
seminar within their epochs. It is very well that the Department Seminar is maintained. Now its guide is a well-known
professors Yuliya Mishura and Yurij Kozachenko.

Within the period of my University graduation a well-known A.Ya. Khinchin’s monograph on queueing theory was
published (1955). The seminar guide I.I. Gikhman organized studying it. I remember that some of my mates and I,
obliged to go to artillery camp, have taken copies of Khinchin’s book with ourselves.

In the same year I.I. Gikhman gave us a list of themes for course works. My friend Leonid Nizhnik and I chose the
theme “Continuity of waiting time d.f. in a GI/G/1 queue”. Our result was not very serious as we chose too strong
metric for d.f. Though it is interesting that I.I. Gikhman was familiar with continuity problems for queuing systems
as early as these problems just started in literature.

I was happy to know Iosif Ilyich, to associate with him and so I formed my steady opinion of him as of an honest,
kind and enthusiastic person. Iosif Ilyich was an honest colleague and friend of Gnedenko whom all of us named
Uchitel’ (Teacher) as he really was a teacher of all Ukrainian probabilists and statisticians. I would retell an episode
saying for that we thought of Gnedenko and Gikhman as tied people.

In 1950s, Gnedenko was sent to a year mission in the East Germany. He agreed with A.N. Kolmogorov that his
postgraduate students Mikhalevich, Skorokhod and Korolyuk will be taken to Moscow University for their furthers
studies.
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I should like to cite from a letter sent by Mikhalevich from Moscow to his wife Rita Diesperova: “On the way from
Kolmogorov’s flat we [Mikhalevich, Skorokhod and Korolyuk] thought of our matters, and we agreed that nobody of
us ever met such good and kind person as Boris V. Gnedenko. All of us dream of our return to Kyiv to organize an
Institute for probability and statistics guided by Gnedenko and Gikhman”.

In conclusion, I want to note that everyone who was familiar with Iosif Ilyich Gikhman, knew his uncompromising
honesty and firmness of his positions in upholding justice. Just one example. B.V. Gnedenko not only solved mathe-
matical problems. He also was well-known as a historian of mathematics. His monograph “Surveys of mathematics in
Russia” was of a special glory.

Gnedenko suggested Gikhman to investigate this subject as well. Iosif Ilyich became keen on this with his usual
enthusiasm and carefulness.

In 50s, public discussion of scientific literature was in practise, so Gnedenko’s “Surveys” were touched as well.
Some of participants were incompetent thus far-fetched criticism was a usual event. A professor taking part in the

discussion, did not like a paragraph of the book describing the working regime of a grate scientist A.M. Lyapunov.
Indeed, Gnedenko wrote that Lyapunov used to work at any time including nights. The professor was afraid that a
student could be disoriented to disturbing a prescribed timetable.

I.I. Gikhman, G.E. Shylov and some other lecturers, using their high erudition, repulsed such curious attacks so
that the reputation of the book was saved. In any way, the citizen’s courage of Iosif Ilyich was shown.

V.M. Glushkov Institute of Cybernetics, National Academy of Sciences of Ukraine
E-mail address: ikdept125@gmail.com
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Influence of ideas of I.I. Gikhman on the worldview of the younger generation of
mathematicians

Yuliya Mishura

For many reasons, in particular, due to the age difference, I can not boast of a long acquaintance with I.I. Gikhman,
but his thoughts and ideas, like light of a distant star, strangely affected my scientific and pedagogical activities. Let’s
start with teaching. Already in the first year, when I had to start lecturing, our esteemed teacher M.I. Yadrenko said
that according to I.I. Gikhman, any assignment for a student group, test or examination task, is compiled well, if in
the academic group at least one student received a perfect score for the task. Since that moment, I have been trying
for over 40 years to carry out this recommendation and to act accordingly. But I took these words a little broader: the
teacher should be clear and understandable, should have feedback from the student audience and moreover, should
educate and cherish the best part of the student group. Unfortunately, I did not have to listen to the lectures of Iosif
Ilyich himself, but I am sure that this was one of the best examples of teaching.

As for scientific activity, Iosif Ilyich, without knowing it at all, defined the topic of my research for many years,
in particular, the theme of my doctoral dissertation. In particular, even before the defense of the Ph.D. thesis, the
topic of which was suggested by my supervisor, Professor D.S. Sylvestrov, and which concerned limit theorems for
random fields, I had to read the article by I.I. Gikhman [1] about the martingale theory of random fields. This topic
seemed very interesting to me. Indeed, the article was groundbreaking. Subsequently, this theme was intensively
studied by scientific schools in France, Germany, Spain, Canada, but the article by Gikhman was one of those that,
as they say, “punch holes in the wall”, and then, after that, you can “disassemble the bricks”. On the other hand,
we discussed with Iosif Ilyich possible directions for further research in the theory of martingales on the plane, and
he approved my idea of studying the structure of two-parameter martingales that are measurable with respect to the
flow of sigma-algebras generated by random fields with independent increments. This became the theme of the Ph.D.
thesis of his graduate student S. Savenko, whose opponent I was then invited to be. Already after the death of Iosif
Ilyich, which, unfortunately, came all of sudden, when he was still in the prime of his scientific career, M.I. Yadrenko
invited me to help finish the thesis of M. Shurko, the post-graduate student I.I. Gikhman in Donetsk University, and
we successfully coped with this, because the main ideas of the research were already formulated by Iosif Ilyich. In
general, the role of Iosif Ilyich in the formation and development of the Donetsk school of probability theory, statistics
and the theory of random processes was unsurpassed. In fact, he established this powerful school and maintained
it at a very high scientific level. After his death, Professor Y.N. Linkov, and then Professors S.Ya. Makhno and
B.V. Bondarev supported the traditions of the school. We had close ties with Donetsk colleagues. In particular, with
the best feelings I recall an interesting scientific school in Melekino, on the shore of the Azov’ Sea in 1988, dedicated
to the 70th anniversary of the birth of I.I. Gikhman and a remarkable conference dedicated to the 90th anniversary
of the birth of I.I. Gikhman, organized and held with great respect to the memory of the teacher in Uman in 2008 by
S.Ya. Makhno and S.A. Melnik. Unfortunately, with the advent of the occupation authorities in Donetsk in 2014, the
probabilistic school has ceased to exist, because many of its representatives have dispersed to different parts of the
world, and indeed, the situation there is unfavorable for science now, but I really want to believe that over time under
the flag of Ukraine this school will be reborn.

And finally one more, but perhaps the most important thing: in the youth of the years, we knew that I.I. Gikhman
is a great scientist, an outstanding mathematician, but only with the passage of time we realized that he is one of
three “whales”, three authors of the theory of stochastic differential equations, the other two are K. Itô and V. Döblin.
It happens so that Itô’s name was imprinted in terms of this theory, but the role of all three was quite pioneer, they
created this theory independently of each other, but they were moving by very similar ways. Just that result of Döblin
in this direction became known 60 years after its development, and the results of Gikhman were less known in the
world due to the certain closedness of the Soviet science. But we must pay tribute to all these three mathematicians
who were not even acquainted with each other. Moreover, the monograph of Gikhman and Skorokhod [2] has not lost
its relevance till now, its language and way of exposition are quite clear and modern.
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Вплив їдей Й.I. Гiхмана на свiтогляд молодшого поколiння математикiв

Юлiя Мiшура

У силу багатьох причин, зокрема, вiкової рiзницi, не можу похвалитися довгим знайомством з Й.I. Гiхманом,
але його думки та iдеї, як свiтло далекої зiрки, чесним чином вплинули на мою наукову та педагогiчну дiяльнiсть.
Почнемо саме з викладання. Чи не в перший рiк, коли менi довелось почати читати лекцiї, наш шановний
вчитель М.I. Ядренко розповiв, що за словами Й.I. Гiхмана, будь-яке завдання для студентської групи –
контрольна чи екзаменацiйнi бiлети – складено правильно, якщо в академiчнiй групi хоча б один студент виконав
це завдання з найвищим балом. Вiд того моменту бiльше 40 рокiв намагаюся виконувати цю настанову i чинити
саме так. Але я сприйняла цi слова дещо ширше – викладач повинен бути чiтким i зрозумiлим, повинен мати
зворотний зв’язок зi студентською аудиторiєю i, бiльше того, повинен виховувати та плекати кращу частину
студентської групи. На жаль, не довелося послухати лекцiй самого Йосипа Iллiча, але впевнена, що то був один
iз кращих зразкiв викладання.

Щодо наукової дiяльностi, то Йосип Iллiч, зовсiм не знаючи цього, визначив тему мого дослiдження на
багато рокiв, зокрема, тему докторської дисертацiї. А саме, ще до захисту кандидатської дисертацiї, тему
якої запропонував мiй науковий керiвник професор Д.С. Сiльвестров, i яка стосувалась граничних теорем
для випадкових полiв, менi довелось прочитати статтю Й.I. Гiхмана [1] про мартингальну теорiю випадкових
полiв. Ця тема здалася менi дуже цiкавою. Справдi, стаття була пiонерською. Згодом цю тему iнтенсивно
дослiджували науковi школи у Францiї, Нiмеччинi, Iспанiї, Канадi, але стаття Гiхмана була з тих, якi, як
то кажуть, “пробивають отвори в стiнi”, ну а потiм, пiсля цього, вже можна “розбирати цеглини”. З iншого
боку, ми обговорювали з Йосипом Iллiчем можливi напрямки подальшого дослiдження в теорiї мартингалiв
на площинi, i вiн схвалив мою iдею вивчити будову двопараметричних мартингалiв, вимiрних вiдносно потоку
сiгма-алгебр, породжених випадковими полями з незалежними приростами. Це стало темою кандидатської
дисертацiї його аспiранта С. Савенка, опонентом якої потiм мене запросили бути. Вже пiсля смертi Йосипа
Iллiча, яка, на жаль, настала надто рано, коли вiн ще був у розквiтi наукової дiяльностi, М.Й. Ядренко
запросив мене допомогти завершити дисертацiйне дослiдження Г.М.Шурка, аспiранта Й.I. Гiхмана з Донецького
унiверситету, i ми успiшно з цим впорались, оскiльки основнi iдеї дослiдження були вже сформульованi Йосипом
Iллiчем. Взагалi, роль Йосипа Iллiча у становленнi та розвитку донецької школи теорiї ймовiрностей, статистики
та теорiї випадкових процесiв була неперевершеною. Фактично, вiн створив цю потужну школу та пiдтримував
її на дуже високому науковому рiвнi. Пiсля його смертi естафету прийняли професори Ю.Н. Лiньков, а згодом
С.Я. Махно та Б.В. Бондарєв, i традицiї школи пiдтримувались, ми малi тiснi зв’язки з донецькими колегами.
Зокрема, з найкращими почуттями згадую цiкаву наукову школу в Мелекiно, на березi Азовського моря в 1988
роцi, присвячену 70-рiччю з дня народження Й.I. Гiхмана та чудову конференцiю, присвячену 90-рiччю з дня
народження Й.I. Гiхмана, яку органiзували i з великою пошаною до пам’ятi вчителя провели в Уманi в 2008
роцi С.Я. Махно та С.А. Мельник. На превеликий жаль, iз появою в Донецьку окупацiйної влади в 2014 роцi
ймовiрнiсна школа припинила своє iснування, бо багато її представникiв роз’їхалось в рiзнi частини свiту, та i
взагалi, зараз ситуацiя несприятлива там для науки, але дуже хочеться вiрити, що з часом пiд прапором України
ця школа зможе народитися вдруге.

I нарештi ще одне, але чи не найголовнiше: за молодiстю рокiв, ми звичайно знали, що Й.I. Гiхман – великий
вчений, видатний математик, але тiльки з плином часу довелося усвiдомити, що вiн є одним з трьох “китiв”,
трьох авторiв теорiї стохастичних диференцiальних рiвнянь, двоє iнших – це К. Iто та В. Деблiн. Склалось
так, що саме iм’я Iто закарбоване в термiнах цiєї теорiї, але роль усiх трьох була цiлком пiонерською, вони
створили цю теорiю незалежно один вiд одного, але йшли дуже схожими шляхами. Тiльки що результати
Деблiна в цьому напрямку стали вiдомi через 60 рокiв пiсля їх розробки, а результати Гiхмана були менш
вiдомi у свiтi через певну iзольованiсть тодiшньої радянської науки. Але треба вiддати належне всiм цим трьом
математикам, якi не були навiть знайомi мiж собою. Зауважимо також, що монографiя [2] Гiхмана i Скорохода,
присвячена стохастичним диференцiальним рiвнянням, нiяк не втратила своєї актуальностi i зараз, її мова та
спосiб викладення є цiлком сучасними.
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From the memoirs about Iosif Ilyich Gikhman (on the 100th anniversary of the birth)

Leonid Shaikhet, a disciple of I.I. Gikhman

Thinking about the subject of my scientific research and asking myself the question: why did I choose namely this
topic, and not any other, I usually come to the conclusion that everything was determined by Iosif Ilyich. In the third
year of university he gave me one Khas’minsky’s paper on the stability of the nth order differential equation with
random coefficients, and proposed to generalize the result obtained there to an arbitrary linear system of stochastic
differential equations. Since then, the topic of stability of stochastic systems has become decisive for me for many
years. Thanks to this subject, a personal acquaintance with Rafail Zalmanovich Khasminsky, Anatoly Dmitrievich
Myshkis, a long friendship and fruitful cooperation with Vladimir Borisovich Kolmanovsky subsequently took place.
I do not know what would have happened if Iosif Ilyich had offered me a paper on another topic, but sometimes it
seems to me that it was not Khasminsky’s paper that determined the direction of my interests in science, but quite
the contrary, Iosif Ilyich foresaw that in the future I would be doing exactly that stability, and therefore offered me
this paper.

But now I want to talk about something else. Among other things, Iosif Ilyich had a subtle sense of humor. I think
that every person who knew him at least for several years, remember a lot of facts confirming this.

Once we went out together from the university and walked along Universitetskaya Street, discussing some current
mathematical problems. Iosif Ilyich decided to go to the bookshop on the road. I went in with him. Approaching the
counter, Iosif Ilyich drew attention to the book of Stendhal, which was, as far as I remember, “Sketches and Notes on
Literature and Art” or something like that.

Without hurrying, Iosif Ilyich stretched out his hand to this book, but suddenly something unforeseen happened.
One very nimble lady in a coveralls pushed Iosif Ilyich away from the counter with a cry: “Mashka, come here, here
Stendhal is given!” (She screamed “Stendhal” with an emphasis on “e”). She literally snatched the book from his
hands. There immediately appeared “Mashka”, a person of the similar kind, and both ladies began to study the seized
book.

It should be said that it was time when books were scarce. A good book in store could only be bought by handing
over trash paper, and one of these recycled books was Stendhal’s book “Red and Black.” Recycled books were very
popular, and even among those who did not have or read any other books. Therefore, the appearance of the book by
Stendhal, calmly lying on the counter of the store, caused such enthusiasm of the ladies.

Soon, however, the ladies realized that they were mistaken.
“Tyu-yu-yu,” the first lady held out, “I thought it was “Red and Black,” but there’s some rubbish ...”
Joseph Ilyich, at first, was slightly discouraged by such rudeness, but then made an extremely surprised face and

asked:
- Have you read it?
- No-o-o-o, - the first lady answered, whose face became even more surprised by that unexpected question.
And then Iosif Ilyich asked by inimitable and some mysterious-Mephistopheles voice, clearly pronouncing all the

words:
- And how do you know that this is a rubbish, eh?
Then there was, as they say, a silent scene with the participation of both ladies and all the close visitors in the

store. It was inexpressible in words mute scene, turning into general laughter.
In the second story, which I want to tell, it was me, who was the object for the joke by Iosif Ilyich. This story

requires some preamble.
All probabilists know the footnote in the preface to the book by Gikhman and Skorokhod “Stochastic differential

equations”. It says that when the book was already accepted for printing by the publishing house, the authors learned
about the publication of a similar book by the Korean mathematician De Du Gen. During my student period De Du
Gen appeared to me as somebody mysterious and horrible, because I have never saw anything mentioned above, nor
any of his articles, and, generally, any other mentioning of De Du Gen.

The reason for this fear was the following. Whenever it came to talked about some new problem related to stochastic
differential equations, I always had in my mind almost panic question: “What if is there already a solution to this
problem in the book by De Du Gen?”

And one day, during our conversation with Iosif Ilyich, he told me about the unsolved problem and I said suddenly:
- But it would be interesting to see the book by De Du Gen. It may already be included in it!
Later, of course, I realized that my phrase seemed to be cheeky, and even caddish. If Iosif Ilyich spoke of some

problem as unsolved, then there was no need to doubt this. I realized this later on but at that time I really wanted to
dispel my doubts. After hearing my phrase, Iosif Ilyich suddenly changed the mood from serious to playful and said:

- You know I have this book. So, you can come and I’ll show it to you.
On the appointed day and time I came to Iosif Ilyich’s apartment and pressed the bell button. A minute later,

Iosif Ilyich opened the door and looked at me amazedly. Realizing that he forgot, why I came, I started to talk about
the De Du Gen’s book again and reminded that we agreed to show it to me.

“Ah, look at the book,” exclaimed Iosif Ilyich happily, “of course, of course ...”
He disappeared in his office and quickly returned with the book in his hands.
- You can look at it, of course, but you cannot read it ... Well, it is absolutely impossible...
With these words he opened the book by two hands, fan-like, and I saw the huge hieroglyphs. There was a childish

delight on the Iosif Ilyich’s face. The book was published in Korean.
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Из воспоминаний о Иосифе Ильиче Гихмане (к 100-летию со дня рождения)

Леонид Шайхет, ученик И.И. Гихмана

Задумываясь над тематикой своих научных исследований и задавая себе вопрос: почему я избрал именно эту
тематику, а не какую либо другую, я обычно прихожу к выводу о том, что все определил Иосиф Ильич. Еще
на третьем курсе он дал мне одну статью Хасьминского об устойчивости дифференциального уравнения n-го
порядка со случайными коэффициентами и предложил обобщить полученный там результат на произвольную
линейную систему стохастических диффернциальных уравнений. С тех пор тема устойчивости стохастических
систем стала определяющей для меня на многие годы. Благодаря этой тематике произошло впоследствии личное
знакомство с Рафаилом Залмановичем Хасьминским, с Анатолием Дмитриевичем Мышкисом, многолетняя
дружба и плодотворное сотрудничество с Владимиром Борисовичем Колмановским. Не знаю, что было бы,
если бы Иосиф Ильич предложил мне статью на другую тему, но иногда мне кажется, что вовсе не статья
Хасьминского определила направление моих интересов в науке, а совсем наоборот, Иосиф Ильич предвидел,
что в будущем я буду заниматься именно устойчивостью, поэтому и предложил мне эту статью.

Но сейчас я хочу рассказать о другом. Кроме всего прочего, Иосиф Ильич обладал тонким чувством юмора.
Думаю, что каждый человек, близко знавший его хотя бы на протяжении нескольких лет, может вспомнить
немало подтверждающих это случаев.

Однажды мы вышли вместе из университета и шли по улице Университетской, обсуждая какие-то текущие
математические проблемы. Иосиф Ильич решил зайти в расположенный по дороге книжный магазин. Я зашел
вместе с ним. Подойдя к прилавку, Иосиф Ильич обратил внимание на книгу Стендаля, которая называлась,
насколько я помню, "Очерки и заметки по литературе и искусству" или что-то вроде этого.

Не спеша Иосиф Ильич протянул руку к этой книге, но вдруг произошло нечто непредвиденное. Какая-то
шустрая дамочка в рабочем комбинезоне с криком: "Машка, давай сюда, здесь Стендаля дают!" ("Стендаля"
она кричала с ударением на "е") оттолкнула Иосифа Ильича от прилавка и буквально выхватила книгу из его
рук. Тут же появилась аналогичного вида "Машка" и обе дамочки стали изучать захваченную книгу.

Надо сказать, что это было то время, когда книги были товаром дефицитным. Хорошую книгу в магазине
можно было купить только сдавая макулатуру, и одной из таких макулатурных книг была книга Стендаля
"Красное и черное". Макулатурные книги были очень популярны, причем, даже среди тех, кто не имел и не
читал никаких других книг. Поэтому появление книги Стендаля, спокойно лежащей на прилавке магазина,
вызвало у дамочек такой восторг.

Вскоре, однако, дамочки поняли, что ошиблись.
- Тю-ю-ю, - протянула первая, - я думала, это "Красное и черное", а здесь чепуха какая-то. . .
Иосиф Ильич, поначалу слегка обескураженный таким хамством, делает крайне удивленное лицо и спраши-

вает:
- А Вы это читали?
- Не-е-ет, - опять "тянет" первая дамочка, лицо которой от неожиданного вопроса стало еще более удивленным.
И тут Иосиф Ильич неподражаемым и каким-то загадочно-мефистофельским голосом, четко проговаривая

все слова, спрашивает:
- А как же Вы знаете, что это чепуха, а?
Дальше была, что называется, немая сцена с участием обеих дамочек и всех близстоящих посетителей

магазина. Непередаваемая словами немая сцена, переходящая во всеобщий хохот.
Во второй истории, которую я хочу рассказать, я сам оказался объектом шутки Иосифа Ильича. Но эта

история требует некоторого вступления.
Все вероятностники знают сноску в предисловии к книге Гихмана и Скорохода "Стохастические дифференци-

альные уравнения" о том, что когда книга уже находилась в издательстве, авторы узнали о выходе из печати
аналогичной книги корейского математика Де Дю Гена. В студенческие годы этот Де Дю Ген представлялся
мне каким-то таинственным и ужасным, поскольку ни упомянутой книги, ни каких либо его статей и, вообще,
никаких других упоминаний о Де Дю Гене я нигде и никогда больше не встречал.

А суть этого ужаса заключалась в том, что всякий раз, когда речь заходила о какой-то новой задаче,
связанной со стохастическими дифференциальными уравнениями, у меня всегда возникал эдакий полупаничес-
кий вопрос: "А вдруг в книге Де Дю Гена уже есть решение этой задачи?".

И вот однажды во время разговора с Иосифом Ильичом, а Иосиф Ильич говорил мне именно о нерешенной
задаче, я вдруг неожиданно даже для самого себя выдал:

- А вот интересно бы посмотреть книгу Де Дю Гена - вдруг у него это уже есть!
Позднее я, конечно, понял, что моя фраза выглядела, мягко говоря, нахально, если не сказать - хамски.

Если Иосиф Ильич говорил о какой-то задаче как о нерешенной - то не стоило сомневаться в том, что это
действительно нерешенная задача. Но это я осознал позднее, а тогда я действительно искренне хотел проверить
свои сомнения. Услышав мою фразу, Иосиф Ильич вдруг резко сменил тон с серьезного на игривый и сказал:

- А что, можно и посмотреть. У меня эта книга есть, приходи, покажу.
В назначенный день и час я подошел к квартире Иосифа Ильича и нажал кнопку звонка. Спустя минутку

Иосиф Ильич открыл дверь и удивленно посмотрел на меня. Поняв, что он забыл, зачем я пришел, я опять
завел разговор о книге Де Дю Гена, которую мы договорились посмотреть.

- А, книгу посмотреть, - радостно воскликнул Иосиф Ильич, - конечно, конечно. . .
Он исчез в своем кабинете и быстро вернулся с книгой в руках.
- Посмотреть ее, конечно, можно, а вот читать - ну, совершенно невозможно. . .
С этими словами он двумя руками, веером, развернул передо мной книгу, и я увидел большущие иероглифы.

На лице Иосифа Ильича сиял детский восторг. Книга была издана на корейском языке.

School of Electrical Engineering, Tel-Aviv University, Tel-Aviv, 69978, Israel
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Estimators for robust maximum association

A. Alfons1, C. Croux2, P. Filzmoser3

The maximum association between two multivariate variables X and Y is defined as the maximal value that a
bivariate association measure between one-dimensional projections αtX and βtY can attain (Alfons et al., 2017).
Taking the Pearson correlation as projection index results in the first canonical correlation coefficient. We propose
to use more robust association measures, such as Spearman’s or Kendall’s rank correlation, or association measures
derived from bivariate scatter matrices. We study the robustness of the proposed maximum association measures and
the corresponding estimators of the coefficients yielding the maximum association.

In the important special case of Y being univariate, maximum rank correlation estimators yield regression estima-
tors that are invariant against monotonic transformations of the response. We obtain asymptotic variances for this
special case. It turns out that maximum rank correlation estimators combine good efficiency and robustness properties.
Simulations and a real data example illustrate the robustness and the power for handling nonlinear relationships of
these estimators.
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Optimal Gamma approximation on Wiener space

E. Azmoodeh

In [NP09a], Nourdin and Peccati established a neat characterization of Gamma approximation on a fixed Wiener
chaos in terms of convergence of only the third and the fourth cumulants. In this talk, we discuss the rate of convergence
in Gamma approximation on Wiener chaos in terms of the iterated Gamma operators of Malliavin Calculus, and
provide an exact rate of convergence in a suitable probability metric d2 in terms of the maximum of third and fourth
cumulants, analogous to that of normal approximation in [NP15]. If time permits, we also discuss some novel Gamma
characterization within the second Wiener chaos as well as Gamma approximation in Kolmogorov distance relying on
the classical Berry–Esseen type inequality. The talk is based on a joint work with P. Eichelsbacher and L. Knichel at
Ruhr University Bochum.
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Theorem for branching process with migration

I.B. Bazylevysh1, K.M. Yakymyshyn2

Branching processes are studied in [2]. We consider Markov branching process µ(t), t ∈ [0,∞), which is given via
transition probabilities

P{µ(t+ ∆t) = j|µ(t) = i} =



δ0j + qj∆t+ o(∆t), i = 0, j = 1, 2, ...;

(δ1ip0 +
m∑
l=i

rl)∆t+ o(∆t), 0 < i ≤ m, j = 0;

1 + (q0 + r0 + ip1)∆t+ o(∆t), i = 1, 2, 3, ..., i = j;
(ipj−i+1 + qj−i)∆t+ o(∆t), i = 1, 2, 3, ..., i < j;
(p0 + r1)∆t+ o(∆t), i = 2, 3, ..., j = i− 1;
ri−j∆t+ o(∆t), i = 2, 3, ..., j < i− 1;
o(∆t), in other cases,

where m is some fixed natural integer, and pk, qk, rn satisfy the conditions pk ≥ 0, k 6= 1, p1 < 0,
∞∑
k=0

pk = 0,

qk ≥ 0, k 6= 0, q0 < 0,
∞∑
k=0

qk = 0, rn ≥ 0, n = 1,m, r0 < 0,
m∑
k=0

rk = 0. Let Fµ(t, s) =
∞∑
n=0

P{µ(t) = n}sn,

f(s) =
∞∑
n=0

pns
n, |s| ≤ 1, s ∈ C, g(s) =

∞∑
n=0

qns
n, |s| ≤ 1, s ∈ C, r(s) =

m∑
n=0

rns
−n, 0 < |s| ≤ 1.
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Theorem 1. Factorial moment of order l (l > 0) of the process µ(t) satisfies the following deferential equation
dMl(t)
dt =

l−1∑
j=0

l!
j!(l−j)!m0,(l−j)Mj+1(t) +

l−1∑
j=0

l!
j!(l−j)!m1,(l−j)Mj(t)+

+
l−1∑
j=0

l!
j!(l−j)!m2,(l−j)Mj(t)−

m∑
k=0

rk
k−1∑
n=0

(n− k)(n− k − 1)...(n− k − l + 1)P{µ(t) = n}.
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The problem of bankruptcy in case of large payments

A. Bilynskyi1, O. Kinash2

In real situations, which take place in the insurance market, one has to take into account extreme events, when
the size of the payments will be sufficiently large. In particular, these payments can be described by random variables
with so-called subexponential distribution, see [1].

Note that the class of subexponential distributions S is wide enough. This class includes such distributions as
Log-normal distribution, Pareto distribution, Weibull distribution, Benktander type I and type II distributions.

In particular, the following statement holds true.
Theorem 1. Consider payments distributed by Benktander type I distribution

1− F (x) =

(
1 +

2β lnx

α

)
x−(α+1+β ln x), α, β > 0, x > 1.

Then the asymptotic of the probability of bankruptcy ϕ(u) can be presented by the next fraction

ϕ(u) ∼
λ
(
α+ 1− uα−β ln x

)
cα− λ(α+ 1)

, u→∞.

Asymptotics of the probability of bankruptcy for other subexponential distributions is considered in [2].
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Some ideas on control problems in the framework of configuration spaces

W. Bock

In this talk we give a disease model for Dengue transmission, which is modeled in the framework of configuration
space analysis. Via this example we develop a control problem on the space of infinite particles and investigate certain
scaling limits.

Technische Universität Kaiserslautern
E-mail address: bock@mathematik.uni-kl.de

High-Dimensional Data Analysis with Applications to Portfolio Theory

T. Bodnar1, Y. Okhrin2, N. Parolya3

The selection of a high-dimensional optimal portfolio has recently become an important research topic due to
the rapid development of computer technology which provides opportunities to invest into a large number of assets
simultaneously. In such a situation, the application of the sample estimators for the parameters of the asset return
distribution is not recommendable because these estimators work well, only if the number of assets is significantly
smaller than the number of observations. If the number of assets in the portfolio is comparable to the sample size,
then a modification of the traditional plug-in estimators is needed to ensure reliable results. In order to deal with the
curse of dimensionality when a high-dimensional optimal portfolio is constructed, we develop several new results in
random matrix theory and apply them to optimal portfolio choice problems. As a result, a distribution-free estimator
for the optimal portfolio weights is derived which minimizes the corresponding loss functions. The theoretical findings
are applied to high-dimensional data of returns on assets included into the S&P 500 index.
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Mild solution of wave equation driven by stochastic measure

I.M. Bodnarchuk

Let L0(Ω,F ,P) be the set of all real-valued random variables defined on (Ω,F ,P), X be an arbitrary set and B be
a σ-algebra of subsets of X.

Definition 1. Any σ-additive mapping µ : B → L0(Ω,F ,P) is called a stochastic measure.

We investigate the Cauchy problem for a wave equation driven by a stochastic measure. The existence and
uniqueness of the mild solution are proved. Hölder regularity of its paths in time and spatial variables is obtained.
Continuous dependence of the solution on data is established.

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
E-mail address: ibodnarchuk@univ.kiev.ua

The modified Euler method for SDE’s driven by Wiener noise: weak convergence order

S.V. Bodnarchuk

Our goal is to provide direct and clear way for obtaining the weak approximation of diffusion processes of the form

Xt = x+

t∫
0

a(Xs)ds+

t∫
0

σ(Xs)dWs, 0 ≤ t ≤ T,

where W = (W 1, . . . ,Wm) is a Wiener process, x ∈ Rd, a : Rd → Rd, σ : Rd → Rd×m. In the classical approach
the Ito-Taylor expansion is used for such a reason (see, for example, book [1]). But in this case we need to simulate
multiple Ito integrals which is quite complicated problem. Instead of such multiple integrals the random variables
which have to satisfy some moment conditions can be used (for details, see [1], Corollary 5.12.1). And it is not so
convenient, because in multi-dimensional case for weak approximation of higher order the choosing of such variables
is not very clear. We propose another way for obtaining the weak approximation of diffusion processes which avoids
all mentioned above difficulties.
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Persistence and extinction in the stochastic non-autonomous logistic equation

O.D. Borysenko1, D.O. Borysenko2

In this talk, we consider the stochastic non-autonomous logistic differential equation of the population dynamics

dN(t) = N(t)

[
(a(t)− b(t)N(t))dt+ α(t)dw(t) +

∫
R γ1(t, z)ν̃1(dt, dz)+

+
∫
R γ2(t, z)ν2(dt, dz)

]
, N(0) = N0,

(1)

where N0 > 0, w(t) is the standard one-dimensional Wiener process, ν̃1(t, A) = ν1(t, A)− tΠ1(A), ν1(t, A) and ν2(t, A)
are the independent Poisson measures, which are independent on w(t), E[νi(t, A)] = tΠi(A), i = 1, 2, Πi(A), i = 1, 2 are
the finite measures on the Borel sets A in R. Let a(t) > 0, b(t) > 0 and α(t) be a bounded continuous functions defined
on [0,+∞). Assume that Πi(R) <∞, i = 1, 2 and γi(t, z), i = 1, 2 is continuous on t functions and | ln(1 + γi(t, z))| ≤
K, i = 1, 2 for some constant K > 0.

We will obtain the explicit form of unique positive global solution to equation (1) and deduce its stochastic
permanence.

Let us denote

p(t) = a(t)− α2(t)

2
−
∫
R

[γ1(t, z)− ln(1 + γ1(t, z))]Π1(dz) +

∫
R

ln(1 + γ2(t, z)Π2(dz).
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Theorem 1. (i) If lim supt→∞ t−1
∫ t

0
p(s)ds < 0, then the population will go to extinction, that is

limt→∞N(t) = 0 a.s.
(ii) If lim supt→∞ t−1

∫ t
0
p(s)ds = 0, then the population will be non-persistence in the mean, that is

limt→∞ t−1
∫ t

0
N(s)ds = 0 a.s.

(iii) If lim supt→∞ t−1
∫ t

0
p(s)ds > 0, then the population will be weakly persistent in the mean, that is

lim supt→∞ t−1
∫ t

0
N(s)ds > 0 a.s.

1Taras Shevchenko National University of Kyiv, 64 Volodymyrska st., Kyiv, 01033; 2Taras Shevchenko National
University of Kyiv, 64 Volodymyrska st., Kyiv, 01033
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Non-autonomous random oscillating systems of the fourth order

O.D. Borysenko1, O.V. Borysenko2

We study the behavior, as ε→ 0, of the oscillating system driven by stochastic differential equation
xIV (t) + b1x

′′′(t) + b2x
′′(t) + b3x

′(t) + b4x(t) =
= εk0f0(µ0t, x(t), x′(t), x′′(t), x′′′(s)) + fε(t, x(t), x′(t), x′′(t), x′′′(s))

(1)

with non-random initial conditions x(0) = x
(1)
0 , x′(0) = x

(2)
0 , x′′(0) = x

(3)
0 , x′′′(0) = x

(4)
0 , where ε > 0 is a small

parameter, fε(t,x(t)), x(t) = (x(t), x′(t), x′′(t), x′′′(t)) is a random function such that
t∫

0

fε(s,x(s)) ds =
∑m
i=1 ε

ki
t∫

0

fi(µis,x(s)) dwi(s)+

+εkm+1

t∫
0

∫
R
fm+1(µm+1s,x(s), z) ν̃1(ds, dz) + εkm+2

t∫
0

∫
R
fm+2(µm+2s,x(s), z) ν2(ds, dz),

ki > 0, i = 0,m+ 2; fi, i = 0,m+ 2 are non-random functions periodic on µit, i = 0,m+ 2 with period 2π; wi(t), i =
1,m are independent one-dimensional Wiener processes; ν̃i(dt, dy) = νi(dt, dy) − Πi(dy)dt, Eνi(dt, dy) = Πi(dy)dt,
i = 1, 2; νi(dt, dy), i = 1, 2 are the independent Poisson measures independent on wi(t), i = 1,m; Πi(A), i = 1, 2 are a
finite measures on Borel sets in R.

We study the asymptotic behavior of the oscillating system (1), as ε → 0, in the case when there exists stable
harmonic oscillations at the system under condition ε = 0. The situations of non-resonance and resonance are studied.

1Taras Shevchenko National University of Kyiv, 64 Volodymyrska st., Kyiv, 01033; 2National Technical University
of Ukraine ”KPI“, 37 Prospect Peremogy, Kyiv 03056
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Poisson and Skellam processes time-changed by inverse subordinators

K.V. Buchak1, L.M. Sakhno2

Time-changed Poisson and Skellam processes provide tractable and flexible models which are used in various applied
areas, such as financial mathematics, reliability, queuing theory, biological, ecological and medical research.

We study the time-changed processes N(Y f (t)), t ≥ 0, and S(Y f (t)), t ≥ 0, where N(t) is a (non-homogeneous)
Poisson process, S(t) is a Skellam process, and Y f (t) is an inverse subordinator, where with upper index f we refer
to the Laplace exponent of the subordinator to which Y f (t) is the inverse.

We obtain the governing equations for marginal distributions of the processes N(Y f (t)) and S(Y f (t)), which
generalize the known results, where the time change is performed by means of the inverse stable subordinator (see, e.g.,
papers by Orsingher, Beghin, Leonenko and others). This generalization is done by the use of appropriate convolution-
type derivatives with respect to Berns̆tein function f , or so-called differential-convolution operators ( [2], [3]), instead
of the fractional Caputo-Djrbashian derivative.
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Winner-take-all in a phase oscillator system with adaptation

O. Burylko1, Y. Kazanovich2, R. Borisyuk3

We consider a system of generalized phase oscillators with a central element and radial connections [1, 2]. In
contrast to conventional phase oscillators of the Kuramoto type, the dynamic variables in our system include not
only the phase of each oscillator but also the natural frequency of the central oscillator, and the connection strengths
from the peripheral oscillators to the central oscillator. With appropriate parameter values the system demonstrates
winner-take-all behavior in terms of the competition between peripheral oscillators for the synchronization with the
central oscillator. Conditions for the winner-take-all regime are derived for stationary and non-stationary types of
system dynamics. Bifurcation analysis of the transition from stationary to non-stationary winner-take-all dynamics
is presented. A new bifurcation type called a Saddle Node on Invariant Torus (SNIT) bifurcation was observed and
is described in detail. Computer simulations of the system allow an optimal choice of parameters for winner-take-all
implementation. All results are new and important for the modeling of cognitive functions.
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Small parameter and stochastic approximation procedure

Ya.M. Chabanyuk1, U.T. Khimka2

Stochastic approximation procedure (SAP) with allowance for external influences on the regression function C(u, x)
is described by the equation

du = a(t)[C(u, x)dt+ σ(u, x)dw],

where x(t), t ≥ 0 is a Markov or semi-Markov uniformly ergodic process in the phase space (X,X), see [2]. In the
report we develop the conditions of the convergence of the SAP with the small parameter ε > 0 which allow to establish
the asymptotic properties of the random evolution of uε(t) in the following form:

duε(t)/dt = a(t)[C(uε(t), x(t/ε)dt+ σ(uε(t), x(t/ε)dw].

Using the scheme of diffusion approximation and asymptotically small diffusion we obtained convergence of SAP.
The same method is used for continuous stochastic optimization procedure. And using small parameter we have got
asymptotic dissipativity for such procedures in the Poisson approximation scheme [1].
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On admissible insurance rate in the case of F -Model

R.O. Chornyy1, O.M. Kinash2

Let us assume that we are in F -model conditions [1], p.248. Also, we assume that insurance contracts’ claims are big
and can be described by subexponential distributions [2]. Then for Pareto distribution with parameters a > 0, λ > 0
the next relation holds for an admissible insurance rate z0 ( [3]):

z0 ∼
λ

a− 1
+

√
aλ2

(a−1)2(a−2) [1 + V 2]1/2Ψ(Q)

[N − V 2Ψ2(Q)]1/2
,

where 0 < Q < 1 is a prescribed number, N is an amount of insurance contracts, V is a correlation coefficient of
insurance amount for appropriate contract, Ψ(x) is an inverse function to standard normal distribution function.

It is important to notice that in the case when V = 0, this result is reduced to the classical one from [1], p.238.
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Closure properties of O-exponential distributions

S. Danilenko1, J. Šiaulys2

Research objects are randomly stopped sum Sη, randomly stopped maximum ξ(η) and randomly stopped maximum
of sums S(η). Here: Sη = ξ1 + · · · + ξη, ξ(η) = max{0, ξ1, . . . , ξη}, S(η) = max{S0, S1, . . . , Sη}, where {ξ1, ξ2, . . .} is a
sequence of independent random variables, and η is a counting random variable.

Closure problem is classical. Bingham, Goldie, Teugels [1] and Cline [2] were the initial investigators in this field.
All classical results were dedicated for identically distributed random variables {ξ1, ξ2, . . .}. We find conditions under
which randomly stopped sum Sη, randomly stopped maximum ξ(η) and randomly stopped maximum of sums S(η) are
distributed according to O-exponential laws. We give conditions for FSη ∈ OL, ξ(η) ∈ OL and FS(η)

∈ OL, when
sequence {ξ1, ξ2, . . .} consists of not necessarily identically distributed random variables. The main results on these
conditions can be found in [3], [4], [5].
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[3] Danilenko, S., Šiaulys, J., Random convolution of O-exponential distributions. Nonlinear Analysis: Modelling and Control, 20, 2015,

447-454.
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Hyperbolic equations with a random forcing term

B.V. Dovhai

We consider the boundary-value problem for a hyperbolic equation

∂2u

∂x2
− q(x)u− ∂2u

∂t2
= −ξ(x, t), x ∈ [0, π], t ∈ [0, T ],

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, u|x=0 = 0, u|x=π = 0,

where ξ(x, t) is a random process from Orlicz space which is sample continuous with probability one, q(x), x ∈ [0, π]
is continuously differentiable function and q(x) ≥ 0.

We find conditions for existence of a solution to this problem in the form of uniformly convergent in probability
series

u(x, t) =

∞∑
n=1

Xn(x)
1

µn

∫ t

0

sinµn(t− u)ζn(u) du,

where

ζn(t) =

∫ π

0

ξ(x, t)Xn(x) dx,

µn =
√
λn,

Xn(x), n = 1,∞ is a sequence of orthonormalized eigenfunctions and λn, n = 1,∞ are eigenvalues (λn ≤ λn+1, n ≥ 1)
of the corresponding Sturm-Liouville boundary-value problem

d2X

dx2
− qX + λX = 0,

X(0) = X(π) = 0.
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On sums of marginal subspaces

I.S. Feshchenko

Let (Ω,F , µ) be a probability space. Denote by K a base field of scalars, i.e., R or C. For an F-measurable function
(random variable) ξ : Ω→ K denote by Eξ the expectation of ξ (if it exists). Two random variables ξ and η are said
to be equivalent if ξ(ω) = η(ω) for µ-almost all ω. For p ∈ [1,∞) ∪ {∞} denote by Lp(F) = Lp(Ω,F , µ) the set of
equivalence classes of random variables ξ : Ω→ K such that E|ξ|p <∞ if p ∈ [1,∞) and ξ is µ-essentially bounded if
p = ∞. For ξ ∈ Lp(F) set ‖ξ‖p = (E|ξ|p)1/p if p ∈ [1,∞) and ‖ξ‖∞ = ess sup|ξ| if p = ∞. Then Lp(F) is a Banach
space. For every sub-σ-algebra A of F we define the marginal subspace corresponding to A, Lp(A), as follows. Lp(A)
consists of elements (equivalence classes) of Lp(F) which contain at least one A-measurable random variable. Note
that Lp(A) is a complemented subspace in Lp(F) (recall that a subspace of a Banach space is said to be complemented
in the Banach space if there exists a bounded linear projection onto the subspace; the conditional expectation operator
ξ 7→ E(ξ|A) is a norm one projection onto Lp(A)). Denote by Lp0(A) the subspace of all ξ ∈ Lp(A) with Eξ = 0.

We study the following problem. Let F1, ...,Fn be sub-σ-algebras of F . Question: when is the sum of the
corresponding marginal subspaces, Lp(F1)+ ...+Lp(Fn), complemented in Lp(F)? One can easily check that Lp(F1)+
...+ Lp(Fn) is complemented in Lp(F) if and only if Lp0(F1) + ...+ Lp0(Fn) is.

We will provide a sufficient condition for subspaces Lp0(F1), ..., Lp0(Fn) to be linearly independent and their sum,
Lp0(F1) + ...+ Lp0(Fn), to be complemented in Lp(F).
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Interpolation problems for random fields from observations in areas with peculiarities

A.S. Florenko1, N.Y. Shchestyuk2

Estimating of the unknown values of a random field in an area that represents a system of embedded rectangles
is of interest in the study of random fields with singularities. The study of the dependence of the obtained formulas
on the geometry and the number of embeds are the topical problems in the field of forecasting theory, in geology,
geodesy and some other directions. Interpolation problems were investigated for the random stationary sequences
by A.M. Kolmogorov [1]. Estimators of the functionals of random fields were created by M.P. Moklyachuk and N.Y.
Shchetsyuk [2].

The problem under consideration is the optimal estimation of the linear functional

Akξ =
∑

(l,k)∈K

a(k, l)ξ(k, l) =

=

s−1∑
t=0

(
mx−2tlx−1∑
k=2t·lx

(
a(k, 2tly)ξ(k, 2t · ly) + a(k,my − 2t · ly − 1)ξ(k,my − 2t · ly − 1)

)

+

my−2t·ly−1∑
j=2t·ly

(
a(2t · lx, j)ξ(2t · lx, j) + a(mx − 2t · lx − 1, j)ξ(mx − 2t · lx − 1, j)

))
of unknown values of the field ξ(k, j), (k, j) ∈ K, which is observed with the noise ξ(k, j) + η(k, j) for (k, j) ∈ Z2 \K,
where K is a domain that is the union of the edges of the rectangles mx ×my, with the number of rectangles sx, lx
and ly, spaced between the embeds on the X and Y axes, respectively. That is, we find a value Ãkξ inside the class
of linear functionals, which minimizes the value of the mean square error

∆ = M | Akξ − Ãkξ |2 .
To solve this problem, we use the classical method of projections in the Hilbert space. The spectral characteristic

of the functional optimal estimator and the value of the mean-square error are found.
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Interpolation of periodically correlated stochastic sequences with missing observations

I.I. Golichenko1, M.P. Moklyachuk2

We consider the problem of optimal estimation of the linear functional

Asζ =

s−1∑
l=0

Ml+Nl+1∑
j=Ml+1

a(j)ζ(j), Ml =

l∑
k=0

(Nk +Kk), N0 = K0 = 0,

which depends on the unknown values of a periodically correlated with period T stochastic sequence ζ(j) from ob-
servations of the sequence ζ(j) + θ(j) at points j ∈ Z \ S, S =

⋃s−1
l=0 {Ml + 1, . . . ,Ml + Nl+1}, where θ(j) is an

uncorrelated with ζ(j) periodically correlated stochastic sequence. Assume that the number of missed observations at
each of the intervals and the number of observations at each of the intervals are a multiple of T (Kl = T ·KT

l and
Nl+1 = T ·NT

l+1, l = 0, . . . , s− 1), and coefficients a(j), j ∈ S are of the form

a(j) = a(j − [j/T ]T ) + [j/T ]T ) = a(ν + j̃T ) = a(j̃)e2πij̃ν/T ,

ν = 1, . . . , T, j̃ ∈ S̃, S̃ =

s−1⋃
l=0

{
MT
l , . . . ,M

T
l +NT

l+1 − 1
}
, Ml = T ·MT

l , l = 0, . . . , s− 1.

Formulas for calculation the spectral characteristic and the mean square error of the optimal estimate of the
functional Asζ are obtained in the case where spectral densities of the sequences are exactly known. Formulas that
determine the least favorable spectral densities and the minimax spectral characteristics are proposed for some classes
of admissible spectral densities.
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Quantitive estimate of an expectation of the simultanious renewal for
time-inhomogeneous Markov chain

V.V. Golomoziy

In this talk we consider two time-inhomogeneous Markov chains X(l)
t , l ∈ {1, 2} with discrete time on a general

state space. We assume existence of some renewal set C and investigate time of the simultaneous renewal, that is,
the first positive time when the chains hit the set C simultaneously. The initial distributions for both chains could
be arbitrary. Under the condition of stochastic domination and non-lattice condition for both renewal processes we
derive an upper bound for the expectation of the simultaneous renewal time.

We proved that under the conditions described above an estimate for a moment of simultaneous renewal will satisfy
an inequality:

E[T ] ≤ E[θ
(1)
0 ] + E[θ

(2)
0 ] +

M

γ
, (1)

where θ(1)
0 and θ(2)

0 are times to the first renewal for chains X(1)
t and X(2)

t respectively, M and γ are some constants.
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On probabilistic approach to the study of subsets of I-Q∞-non-normal numbers

I.I. Harko

The report is devoted to the investigation of metric, fractal and topological properties of subsets of I-Q∞-non-
normal numbers generated by the representations of real numbers (see, e.g. [4]).

Probabilistic approach is shown to be very useful to prove the superfractality of the set of essentially non-normal
numbers for Q-expansions [3], Q∞-expansions and Q∗-expansions (under assumptions inf

i,k
qik > 0 on the matrix Q∗).

We study the special mapping ϕ, under which symbols of a Q∞-representation are mapped into the same symbols
of I-Q∞-representation, and it preserves the Lebesgue measure and the Hausdorff–Besicovitch dimension (for such
mappings the set of points of discontinuity can be everywhere dense). Such mappings are said to be G-mappings
(G-isomorphisms of representations) [2].

The superfractality of the setsD(I-Q∞)-non-normal numbers and L(I-Q∞)-essentially non-normal numbers follows
from the fact that mapping ϕ preserves the Hausdorff–Besicovitch dimension and the results of the paper [1]. We also
study the topological properties of the above mentioned sets.
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Generalized Levy-Baxter theorem for pseudo-gaussian random processes

O.M. Hopkalo

We investigate some properties of the pseudo-Gaussian random vectors and processes. Estimates for the exponential
moments of some functionals of pseudo-Gaussian random vectors are obtained. A generalized Levy-Baxter theorem
for pseudo-Gaussian random processes is proved.

Some aspects of this problem were considered in [1, 2].

References
[1] Buldygin V. V., Kozachenko Yu. V. Metric Characterization of Random Variables and Random Processes. – American Mathematical

Society, Providence, RI, 2000. – 257 p.
[2] Gopkalo O. M. Generalized Levy-Baxter theorems for the pseudo-Gaussian random vectors // Scientific Bulletin of Uzhhorod Univer-

sity. – 2017. – Iss. 1 (30). – 55-61 p. (Ukrainian)
Department of Probability, Statistics and Actuarial Mathematics, Mechanics and Mathematics Faculty, Taras Shev-

chenko National University of Kyiv, 64/13, Volodymyrska Street, Kyiv, Ukraine, 01601
E-mail address: Olia_Gopkalo@ukr.net

On construction the goodness-of-fit test for non-centered stationary Gaussian process

T.O. Ianevych

Let us consider a continuous real stationary Gaussian stochastic process X = {X(t), t ∈ [0, T+A], 0 < A < T <∞}
defined on probability space {Ω,B, P}, with expectation m = EX(t) < ∞ and covariance function ρ(τ) = E(X(t +
τ)−m)(X(t)−m), t ∈ [0, T ], 0 < τ ≤ A.

Our goal is to construct the goodness-of-fit test for such stochastic processes incorporating the information about
both these characteristics. If we observe one trajectory of this process on the interval [0, T +A] then we can evaluate
the following unbiased estimators for m and ρ(τ):

m̂(τ) =
1

T

∫ T

0

X(t+ τ)dt,

ρ̂(τ) =
1

T

∫ T

0

(X(t+ τ)−m)(X(t)−m)dt, τ ≤ A.

It can be shown that random variables ξ1(τ) = (m̂(τ)−m)2 and ξ2(τ) = ρ̂(τ)− ρ(τ) are square Gaussian [1]. Then,
for η(τ) = (ξ1(τ), ξ2(τ))TD(ξ1(τ), ξ2(τ)), where D is symmetric semi-definite matrix, p > 0 and some δ > 0

P


(∫ A

0

∣∣∣∣ η(τ)

Eη(τ)

∣∣∣∣p/2 dτ
)1/p

> δ

 ≤ U
(√

2δ

A1/p

)
, (1)

where U(y) = 2
√

1 + y exp
{
−y2
}
, y > 0.
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The inequality (1) is the key for the construction of the needed test.
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Nested occupancy schemes in random environments

A. Iksanov

Let (Pr)r∈N be a collection of positive random variables satisfying
∑
r≥1 Pr = 1 a.s. Assume that, given (Pr)r∈N,

‘balls’ are allocated independently over an infinite collection of ‘boxes’ 1, 2, . . . with probability Pr of hitting box r,
r ∈ N. The occupancy scheme arising in this way is called the infinite occupancy scheme in the random environment
(Pr)r≥1.

A popular model of the infinite occupancy scheme in the random environment assumes that the probabilities
(Pr)r∈N are formed by an enumeration of the a.s. positive points of

{e−X(t−)(1− e−∆X(t)) : t ≥ 0}, (1)
where X := (X(t))t≥0 is a subordinator (a nondecreasing Lévy process) with X(0) = 0, zero drift, no killing and a
nonzero Lévy measure, and ∆X(t) is a jump of X at time t. Since the closed range of the process X is a regenerative
subset of [0,∞) of zero Lebesgue measure, one has

∑
r≥1 Pr = 1 a.s. WhenX is a compound Poisson process, collection

(1) transforms into a residual allocation model
Pr := W1W2 · . . . ·Wr−1(1−Wr), r ∈ N, (2)

where W1, W2, . . . are i.i.d. random variables taking values in (0, 1).
Next, I define a nested infinite sequence of the infinite occupancy schemes in random environments. This means

that I construct a nested sequence of environments (random probabilities) and the corresponding ‘boxes’ so that the
same collection of ‘balls’ is thrown into all ‘boxes’. To this end, I use a weighted branching process with positive
weights which is nothing else but a multiplicative counterpart of a branching random walk.

The nested sequence of environments is formed by the weights (R(u))|u|=1 = (Pr)r∈N, (R(u))|u|=2, . . ., say, of the
subsequent generations individuals in a weighted branching process. Further, I identify individuals with ‘boxes’. At
time j = 0, all ‘balls’ are collected in the box � which corresponds to the initial ancestor. At time j = 1, given
(R(u))|u|=1, ‘balls’ are allocated independently with probability R(u) of hitting box u, |u| = 1. At time j = k, given
(R(u))|u|=1, . . . , (R(u))|u|=k, a ball located in the box u with |u| = k is placed independently of the others into the
box ur, r ∈ N with probability R(ur)/R(u).

Assume that there are n balls. For r = 1, 2, . . . , n and j ∈ N, denote by Kn,j,r the number of boxes in the jth
generation which contain exactly r balls and set

Kn,j(s) :=

n∑
r=dn1−se

Kn,j,r, s ∈ [0, 1],

where x 7→ dxe = min{n ∈ Z : n ≥ x} is the ceiling function. With probability one the random function s 7→ Kn,j(s) is
right-continuous on [0, 1) and has finite limits from the left on (0, 1] and as such belongs to the Skorokhod space D[0, 1].
I am going to present sufficient conditions which ensure functional weak convergence of (Kn,j1(s), . . . ,Kn,jm(s)),
properly normalized and centered, for any finite collection of indices 1 ≤ j1 < . . . < jm as the number n of balls tends
to ∞. If time permits, I shall discuss specializations of the general result to (Pr)r∈N given by (1) and (2).

The talk is based on a work in progress, joint with Sasha Gnedin (London).
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
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Properties of correlogram estimator of random noise covariance function in nonlinear
regression model

A.V. Ivanov1, K.K. Moskvychova2

In the lecture continuous time nonlinear regression model with mean square and almost sure continuous stationary
Gaussian process taken as a random noise is considered. Asymptotic properties of the noise covariance function
residual correlogram estimator are discussed. This estimator is built by deviations of observed random process values
from regression function values where instead of unknown vector parameter its least squares estimator is substituted.

The list of the solved problems we speak about is given below.
1. For supremum of the normed residual corrlogram the exponential convergence to zero of probabilities of large

deviations is obtained.
2. Using the large deviation result we formulate the sufficient conditions on consistency of residual correlogram as

estimator of the noise unknown covariance function.
3. Functional central limit theorem for residual correlogram estimator is proved.
4. Stochastic asymptotic expansion of covariance function residual correlogram estimator is obtained.
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5. Utilizing the previous result asymptotic expansions of the bias, mean square deviation, and variance of residual
correlogram estimator are found.

Some of the enumerated results are published in the papers [1, 2].
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Asymptotics of the conditional tail expectation of randomly weighted sums with
dominatingly varying summands

E. Jaunė1, O. Ragulina2, J. Šiaulys3

We consider the asymptotic behaviour of the conditional tail expectation of a randomly weighted sum with dominat-
ingly varying summands following a certain dependence structure. We allow the weights to be arbitrarily dependent,
but independent from the primary variables. For some particular cases the results are used to derive the asymptotic
risk distribution and the asymptotic relationship between the main risk measures - Conditional Tail Expectation and
Value at Risk.
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Exactness of approximation in the central limit theorem in the terms of averaged
pseudomoments

M.M. Kapustey1, P.V. Slyusarchuk2

We are considering one method generalization of the Zolotarev estimates [1] for diferently distributed random
variables.

Let ξ1, ξ2, . . . , ξn, . . . – the sequence of independent random variables with Mξi = 0, Dξi = σi, B2
n = σ2

1 + . . .+ σ2
n,

σ = max {σ1, . . . , σn}. Denote: Fk(x) – distribution function for ξk, Sn = ξ1+ξ2+...+ξn
Bn

, Φn(x) – distribution function
for Sn; Φ(x) – distribution function of standard normal law, ρn = supx |Φn(x)− Φ(x)|. Let 2 < r ≤ 3. Lets introduce
next pseudomoments

ν
(0)
k (r) =

∫ ∞
−∞

max (1, |x|r) |d (Fk(xσk)− Φ(x))| , ν(0)
n (r) =

σ2

B2
n

n∑
k=1

ν
(0)
k (r);

κ(0)
k (r) =

∫ ∞
−∞

max
(

1, r |x|r−1
)
|Fk(xσk)− Φ(x)| dx,κ(0)

n (r) =
σ

B2
n

n∑
k=1

κ(0)
k (r)σk;

κk(r) = r

∫ ∞
−∞
|x|r−1 |Fk(xσk)− Φ(x)| dx,κn(r) =

σ2−r

B2
n

n∑
k=1

κk(r)σrk.

Theorem 1. Let σ2

B2
n
≤ 3

4 for n ≥ 2. Exist such constants C1, C2, C3, that for all n ≥ 1

ρn ≤ C1

(
σ

Bn

)r−2

ν(0)
n (r),

ρn ≤ C2 max

{(
σ

Bn

)r−2

κ(0)
n (r);

σ

Bn

(
κ(0)
n (r)

) B2
n

σ2(n+1)

}
,

ρn ≤ C3 max

{(
σ

Bn

)r−2

κn(r);
σ

Bn
(κn(r))

B2
n

σ2(rn+1)

}
.
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The influence of conflict activity on complex system dynamic

T. Karataieva1, V. Koshmanenko2

We study the model of conflict socium as a complex network system of m players. Each player is characterized
by two values, pi(t), ci, i = 1,m, the power and a conflict activity, respectively. The evolution of complex system is
governed by the equation (see [1, 2])

dp

dt
=
p(1− rc)

z
, p = (pi)

m
i=1, rc = (ciri)

m
i=1, z = 1− (p, rc), 0 ≤ ci ≤ 1,

where ri = 1−pi
m−1 . The behavior of system strongly depends on values of individual conflict activity ci.

Theorem 1. The individual power pi(t) increases, if and only if the conflict activity satisfies the following inequality

ci <

∑m
k=1 pkck(1− pk)

1− pi
.

The applied sense of this result: one way to ensure the growth of individual power is the avoidance of confrontation
in a social group.
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Opinion dynamics on a network

N.V. Kharchenko1, O.R. Satur2

A model of consensus formation is proposed. We study a complex dynamical system describing opinion dynamics
on a network. Nodes of the network are considered to be agents which hold some opinions. Agents interact with their
neighbours and propagate their opinions. In turn, they are also influenced by their neighbours. As the result the
system converges to the consensus state. It means that agents’ mutual influence forms an opinion which is shared by
everyone in the network.

Let G = (V,E) be an undirected connected graph without self-loops, where V and E (E ⊂ V × V ) are the sets of
vertices and edges of the graph, respectively.

We consider the spread of n ≥ 2 opinions on a graph G. Each vertex v ∈ V is associated with a stochastic vector
pv(t) = (pv1(t), ...pvi (t), ...p

v
n(t)). We call pv(t) an opinion distribution of a vertex v at time t. At each time step we

randomly choose two vertices u, v ∈ V and update their opinion distributions by the rule of attractive interaction [1]:
pvi (t + 1) = 1

zv,u(t)p
v
i (t)(1 + pui (t)), where zv,u(t) is a scaling coefficient which ensures new vector pv(t + 1) to be

stochastic.
There exist opinion distributions which are stable fixed points of the attractive interaction. These points have the

following form ek = (0, ..., 0, 1, 0, ..., 0), where 1 stands at the k-th position.
Theorem 1. If one and only one vertex of the graph is associated with a stable fixed point ek, then the system
converges to the consensus state ek.
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Robustness in sequential statistical decesions

A.Yu. Kharin

In statistical decision making, the sequential approach appears often to be optimal w.r.t. the expected number of
observations provided the accuracy level (error probabilities) is fixed [1]. This property is essential in many applications
including medicine, biology, quality control, finance, etc.
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As real data often deviate from the underlying hypothetical model (the hypothetical model is distorted), sequential
statistical decisions loose their optimality [2], and the analysis of robustness becomes a topical problem, as well as
construction of the robust sequential decision rules [3].

We consider 3 types of data: 1) i.i.d. random observations; 2) time series with a trend; 3) Markov chains. The
simple and composite hypotheses cases are discussed. The following distortion types are analyzed: "outliers" in data,
"contamination" of prior probability distributions jointly with likelihoods, functional distortions in L1, L2 and C
metrics.

Asymptotic expansions for the error probabilities and for the expected sample sizes are constructed. The minimax
robust sequential tests are derived. The theory is illustrated through the numerical results. The results are applied in
medicine for the monitoring of the individual recovery efficiency.
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Statistical inferences on high-order Markov chains based on parsimonious models

Yu. Kharin

Applications in genetics, finance, medicine, information protection and other fields need to develop theory of
statistical modeling and analysis of big data presented in the form of long discrete time series. An universal long-
memory model for such data is the homogeneous Markov chain of sufficiently large order s on some finite state space
A, |A| = N , 2 ≤ N < +∞. Unfortunately, the payment for this universality is exponential w.r.t. the order s number
of parameters D = O

(
Ns+1

)
. To identify such a model we need to have “big data” sets and the computational

complexity of order O
(
Ns+1

)
.

To avoid this “curse of dimensionality” we propose [1]- [3] to use the so-called parsimonious (“small-parametric”)
models of high-order Markov chains that are determined by small number of parameters.

The presentation gives probabilistic properties and statistical inferences on the following parsimonious models:
Jacobs – Lewis model [1]; Raftery mixture model [1]; Markov chain of order s with r partial connections [2]; Markov
chain of conditional order [3]; binary conditionally nonlinear autoregressive model.

Theoretical results are illustrated by results of computer experiments on simulated and real data.
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On the integral representations of feller semigroups for one-dimensional diffusion
processes with moving membranes

B.I. Kopytko1, R.V. Shevchuk2

Consider two intervals on a line R: D1s = (r1(s), r0(s)) and D2s = (r0(s), r2(s)), where rm(s), s ∈ [0, T ] (T > 0

is fixed), m = 0, 1, 2 are the given functions belonging to H
1+α
2 ([0, T ]), 0 < α < 1. Assume that the second order

differential operator associated with some inhomogeneous diffusion process is given on Dis, i = 1, 2.
Consider the question of the existence of two-parameter Feller semigroup Tst, 0 ≤ s < t ≤ T, associated with a

Markov process on [r1(s), r2(s)] such that its parts in D1s and D2s coincide with the diffusion processes given there
and its behavior at the boundary points of these domains is determined by the corresponding variants of the general
boundary condition and the conjugation condition of Feller-Wentzell additionally given at points ri(s), i = 1, 2, and
x = r0(s).

The problem formulated in the described way is also called the problem of pasting together two diffusion processes
on a line or the problem of construction of the diffusion process in medium with membranes [1]. We use the analytic
method to solve this problem. With such an approach the question on existence of the required semigroup in fact
is being reduced to the investigation of the corresponding nonlocal initial-boundary value problem of Wentzell for a
linear parabolic equation of the second order with discontinuous coefficients. The classical solvability of this problem
is established by the boundary integral equations method.
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Approximation of a discrete Markov Process in asymptotic diffusion environment

V.S. Koroliuk1, D. Koroliouk2

A discrete Markov process in asymptotic diffusion environment is determined by a solution of the following sto-
chastic difference equation:

∆ζε(t) = −ε2V (Y ε(t))ζε(t) + εσ(Y ε(t))∆µε(t) , t ≥ 0. (1)
The asymptotic diffusion Y ε(t), t ≥ 0, is generated by the solution of a discrete stochastic equation

∆Y ε(t+ ε2) = εA0(Y ε(t); x) + ε2A(Y ε(t); x) , x ∈ E, (2)
with the balance condition: ∫

E

ρ(dx)A0(y; x) ≡ 0. (3)

Here ρ(dx) is the stationary distribution of the embedded Markov chain Xn, n ≥ 0 given in a measurable state space
(E, E).

The approximation of a discrete Markov process in asymptotic diffusion environment gives the following
Theorem 1. In the condition of uniform ergodic embedded Markov chain xn, n ≥ 0, with the stationary distribution
ρ(dx), the finite-dimensional distributions of the discrete Markov Process (1), together with asymptotical diffusion
Y ε(t), t ≥ 0, converge, by ε→ 0, to a diffusion Ornstein-Uhlenbeck process with evolution:

ζε(t), Y ε(t)
D−→ ζ0(t), Y 0(t) , ε→ 0 , 0 ≤ t ≤ T. (4)

The limit bi-component diffusion process ζ0(t), Y 0(t), t ≥ 0 is defined by the solution of stochastic differential equations

dζ0(t) = −V (Y 0(t))ζ0(t)dt+ σ(Y 0(t))dW (t),

dY 0(t) = Â(Y 0(t))dt+ B̂(Y 0(t))dW0(t).
(5)

The diffusion volatility parameters Â(·), B̂(·) are defined accordingly to the algorithm of phase merging [1].
The system (5) solution existence and uniqueness is determined by the Lipschitz conditions on the coefficients [2, Ch.

16].
The volatility of the stochastic component (as well as the predictable one) is provided by the diffusion process Y 0(t),

t ≥ 0 [1].
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Asymptotic analysis of evolutionary processes with the use of boundary layer

V.S. Koroliuk1, I.V. Samoilenko2

The problem of asymptotic expansion with the use of boundary layer appeared in 1950s in the process of studying
of the distribution of Kolmogorov’s statistic represented in the form (if to follow the works of I.I.Gikhman [1] and
other mathematicians):

Kn(z) = P{
√
nDn < z} = P{ sup

0≤t<1
|ηε(t)| < z|ηε(0) = ηε(1) = 0},

where ηε(t) = ενε(t)− t/ε is a normalized Poisson process with parameter ε−2 and rate ε = 1/
√
n.

The detailed historical review may be found in [2].
Here we present the main problems connected with the use of the boundary for more complicated model, namely

in the description of a semi-Markov random evolution. One of the main results in this area is a regularization of the
initial conditions for regular and singular part of asymptotic expansion that allows to obtain the explicit form of the
regular part without recourse to the singular one.
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The problem of redistribution for conflict territory

V. Koshmanenko1, I. Verygina2

Let a territory Ω of volume |Ω| = 1 be divided into regions,

Ω =

n⋃
i1=1

Ωi1 =

n⋃
i1,...,ik=1

Ωi1,...,ik , n > 1, k = 1, 2, ...

of different volumes |Ωi1 | = qi1 , 0 < qi1 < 1,
∑
qi1 = 1, |Ωi1,...,ik | = qi1 · · · qik . Two opponents, say A and B, try

to occupy the territory Ω in the conflict game. At the first step they distribute their strategies along Ωi1 , i = 1, ..., n
randomly, according to stochastic vectors α1 = (αi1)ni1=1 and β1 = (βi1)ni1=1. On each next (k + 1)th step, k ≥ 1

their strategies are changed by the rule [1] αik+1
=

αik (1−βik )

zk
, βik+1

=
βik (1−αik )

zk
, zk = 1 − (αk, βk). We say that the

opponent A has priority on kth step in subregion ∆i1···ik with volume qi1 · · · qik if αi1 · · ·αik > βi1 · · ·βik . Let TAk
denote the union of all such volumes. The similar sense has the value TBk .

Theorem 1. If
∑n
i1=1 qi1 ln

αi1
βi1

> 0, then TAk > TBk for all k large enough. Moreover, in such case TAk → 1, k →∞.
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The emergence of limiting measures with point spectrum in conflict dynamical systems

V. Koshmanenko1, V. Voloshyna2

We study the trajectories of the conflict dynamical systems in terms of probability measures{
µt
νt

}
∗−→
{
µt+1
νt+1

}
, t = 1, 2, ...

describing the distributions for a couple opponents living on a common space ∆0 = [1, 0]. Here ∗ stands for the conflict
interaction [1] and [1, 0] is subjected to infinite fractal division:

∆0 =

n⋃
i=1

∆ii =

n⋃
i1,...,ik=1

∆ii...ik , 2 ≤ n ≤ ∞, k = 1, 2, ...

We discuss the problem, what conditions for starting states of conflict dynamical systems ensures the emergence of
pure point spectrum in the limiting states. Our main result asserts that the criterium [2]

∞∏
k=1

max
i1...ik

µk(∆i1...ik) > 0

is fulfilled and therefore the limit measure is pure point, µ∞ ∈ Mpp, if and only if one of the opponents chose the
strategy of a single priority:

µ1(∆i0) > ν1(∆i0) (1)
only for a single 1 ≤ i0 ≤ ∞.

Our result admits the application. To reach the local power concentration

µk(∆ii...ik)→ λ > 0, k →∞,

it is necessary to use the strategy of a single priority (1).
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Stationary processes with stable correlation functions

Yu.V. Kozachenko1, M. Petranova2

We consider real- and complex-valued Gaussian stationary random processes with stable correlation functions,
introduced in the paper [3]. In the case of complex-valued stationary processes, we consider proper complex random
processes (PCR-processes). The existence of these processes was proved in the paper [2] and in the book [1]. Estimates
of distribution of functional of a module of stationary Gaussian random processes are obtained. Behavior of the module
of stationary proper complex-valued random process at infinity is studied, for example we prove such theorem.

Theorem 1. Let X = {X(t), t ∈ [a, b]} be stationary PCR Gaussian process and let |X(t)| =
(
X2
c (t) +X2

s (t)
)1/2.

Then for

u ≥
(
p√
2

+

√(p
2

+ 1
)
p

)
σ2(b− a)

1/p

where σ2 = E|X(t)|2, the following inequality holds

P

{∥∥∥|X(t)|2 − σ2
∥∥∥
Lp([a,b])

> u

}
≤ 2

√
1 +

u
√

2

(b− a)
1/p
σ2
· exp

{
− u
√

2(b− a)
1/p
σ2

}
. (1)
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An aplication of the theory of space F for calculation of the integrals depending on a
parameter by Monte-Carlo method

Yu.V. Kozachenko1, Yu.Yu. Mlavets2

Reliability and accuracy in space C(T ) for multiple integrals calculation by Monte Carlo method are established.
Let us consider the integral

∫
S
f(s, t)p(s)dµ(s) = I(t) assuming that it exists. Suppose f(s, t) is a stochastic process

on a probability space {S,A, P} and which we denote as ξ(s, t) = ξ(t) and I(t) =
∫
S
f(s, t)p(s)dµ(s) =

∫
S
f(s, t)dp(s) =

Eξ(t).

Theorem 1. Let a stochastic process ξ(t), t ∈ T belong to the space Fψ(Ω) and let condition H hold with a constant

Cψ, Zn(t)− I(t) = 1
n

n∑
i=1

(ξi(t)− I(t)), where ξi(t) are independent copies of the stochastic process ξ(t).

Assume that there exists a continuous increasing function σ(h) such that σ(0) = 0 and sup
ρ(t,s)≤h

∥∥ξ(t)−ξ(s)∥∥
ψ
≤ σ(h).

Further, assume that
z∫

0

κ
(
N
(
σ(−1)(u)

))
du <∞

for all z > 0, where κ(n) is a majorant characteristic, N(u) is the metric massiveness of the space Fψ(Ω), and
σ(−1)(u) is the inverse function to σ(u). Then Zn(t) approximates I(t) with reliability 1− δ, δ > 0 and accuracy ε in
the space C(T ), if n is such that

inf
u≥1

(
B(p)ψ(u)

ε
√
n

)u
≤ δ,
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for all 0 < p < 1, where B(p) = 2
√
Cψ inf

t∈T
‖ξ(t)‖ψ + 1

p(1−p)

γp∫
0

κ
(
N
(
σ

(−1)
1 (u)

))
du, σ1(u) = 2

√
Cψσ(u), γ =

σ1

(
sup
t,s∈T

ρ(t, s)

)
.
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Numerical approaches to project regional climate change in Ukraine in the 21st
century

S.V. Krakovska

“Take urgent action to combat climate change and its impacts” is one of seventeen UN Sustainable Development
Goals representing the most problematic aspects of modern human life. In order to be prepared for the action,
predictions of future climate are necessary and climate models are the most reliable tools up to now. Notwithstanding
that weather and climate are both among the most important for human life, but difficult for prediction natural
stochastic processes, modern meteorology and climatology have developed some numerical approaches that allow to
make forecasts based on up-to-date knowledge of physical, mainly thermodynamic laws. These approaches are realized
in Atmosphere-Ocean Global Circulation Models (AOGCM), Limited Area Models (LAM) and Regional Climate
Models (RCM) that all are used for both Numerical Weather Prediction (NWP) and Climate Change Projections
(CCP). There are some dozens of such models in leading world meteorological centers, but results of a few of them are
used in Ukrainian Hydrometeorological Institute (UHMI). Special procedures of verification, adjustment and tuning
were developed in UHMI in order to apply data of AOGCM, LAM and RCM to the territory of Ukraine. Some
of the procedures are rather standard, but some proposed approaches are original and novel. Simple but effective
approaches for optimal RCM ensemble formation based on main statistics will be presented. Results of verification for
temperature, precipitation, cloudiness and other main and specific climate indicators obtained from 14 RCM against
gridded data set of instrumental observational network will be discussed. The main aspects of contemporary ideas
about the Earth’s climate system, global and regional climate models, climate change scenarios and pathways will be
presented in the context of further possible incorporation of modern achievements of stochastic theory as application
tools for climatology.
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Bivariate CLT for quadratic variations of Gaussian processes with the Orey index

K. Kubilius

We consider Gaussian processes with the Orey index. This index allows to consider Gaussian processes without
stationary increments and with trajectories that are Hölder continuous up to the Orey index. The fractional Brownian
motion, subfractional Brownian motion, bifractional Brownian motion are the examples of such processes.

Let (Xt)t∈[0,T ] be a stochastic process. Denote

V X̂in,T =

in−1∑
k=1

(
∆

(2)
in,kX̂

)2
, ∆

(2)
in,kX̂ =

∆
(2)
in,kX√

E(∆
(2)
in,kX)2

i = 1, 2,

∆
(2)
in,kX̂ =X̂ k+1

in T − 2X̂ k
inT

+ X̂ k−1
in T , 1 ≤ k ≤ in− 1, i = 1, 2.

We find conditions supplying the bivariate CLT for quadratic variations of Gaussian process X with the Orey index
γ. It means that

√
n

(
n−1V X̂n,T − 1

(2n)−1V X̂2n,T − 1

)
d−−→ N (0; Σγ) .

We apply this result to prove asymptotic normality of the estimators of the Orey index γ.
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Simulation of solution of homogenous parabolic equation with stochastic initial
conditions from Lp(Ω) space

K.J. Kuchinka

Consider the following equation:
∂

∂x

(
p(x)

∂V

∂x

)
− q(x)V − ρ(x)

∂V

∂t
= 0 (1)

with initial and boundary conditions
V (t, 0) = 0, V (t, π) = 0, V (0, x) = ξ(x),

where ξ(x) ∈ Lp(Ω), p ≥ 4, such that Eξ(x) = 0.
In the paper [1] we established the conditions under which the solution of (1) exists with probability one and can

be represented in the form of certain continuously differentiable series.
The present work suggests a new method of constructing a model of a solution of parabolic equation (1) with the

random initial conditions. The model approaches the solution with a given accuracy and reliability in the uniform
metric.
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Goodness–of–fit test in Cox proportional hazards model with measurement errors
under unbounded parameter set

A. Kukush1, O. Chernova2

Consider the Cox proportional hazards model, where a lifetime T has the following intensity function
λ(t|X;λ, β) = λ(t) exp(β>X), t ≥ 0.

A covariate X is a random vector from Rk, β is regression parameter belonging to a compact set Θβ ⊂ Rk, and
λ = λ(·) ∈ Θλ ⊂ C[0, τ ] is a baseline hazard function. The unbounded parameter set Θλ consists of nonnegative
Lipschitz functions, with fixed Lipschitz constant. Instead of T, only the censored lifetime Y := min{T,C} and the
censorship indicator ∆ := I{T≤C} are available, where the censor C is distributed on a given interval [0, τ ] and has
unknown distribution.

Instead of X, a surrogate variable W = X + U is observed. We suppose that a random error U has known
distribution. A couple (T,X), censor C, and measurement error U are independent. We observe n independent copies
of the model. In [1], we derive a consistent estimator (λ̂n, β̂n) of the true parameter (λ, β). Moreover the estimator
β̂n and linear integral functionals of λ̂n are asymptotically normal.

We test a hypothesis that the observations obey the underlying model assumptions. Based on the above-mentioned
estimator, we introduce a test statistic, which under the null hypothesis has asymptotic χ2

k distribution. A goodness-
of-fit test is constructed using the test statistic. The power of the test under local alternatives is discussed.
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Comonotonic stock prices in arbitrage-free markets

A.G. Kukush

Random variables are called comonotonic if they are all non-decreasing functions of the same random variable.
Comonotonicity is a useful tool to solve financial applications such as derivative pricing and dependence measurement.

For an arbitrage-free market with a single underlying asset and constant riskless interest rate r, we find con-
ditions under which the consecutive price levels are comonotonic. We show that the vector of subsequent prices
(S(t1), . . . , S(tn)) is comonotonic only under the a.s. linear relationship S(tj) = S(t1)er(tj−t1), j = 2, . . . , n, provided
S(t1) has a continuous cdf, or, more generally, provided the distribution of S(t1) has no isolated mass.

For an arbitrage-free market with n assets, we study the consequences of assuming comonotonicity of the vector
containing the price levels Si(T ) of each asset at a single future date T . We consider situations under which the
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risk-neutral distributions (or the real world distributions) of the Si(T ) are given and investigate whether there exists
an arbitrage-free model with the same marginal distributions, under which the asset price vector (S1(T ), . . . , Sn(T ))
is comonotonic.

The presented results give insight in the reachability of the comonotonic upper bound for Asian options and for
basket options that can be found in [1, 2]. The results are joint with Prof. Jan Dhaene and Dr. Daniel Linders
(Belgium).
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The asymptotic behavior for a certain class of the integral functionals of diffusion
processes

G.L. Kulinich

We consider the integral functional of the form

βT (t) =

t∫
0

gT (WT (s)) ds, t > 0,

where gT = gT (x) is a family of measurable and locally bounded functions, x ∈ R, T > 0 is a parameter, {WT (t), t ≥ 0}
is a family of the standard Wiener processes defined on a complete probability space (Ω,=,P).

Theorem 1. If there exist the families of constants cT and bT such that |cT | ≤ C, 0 < bT ≤ C for some constant
C > 0 and for any x ∈ R

x∫
0

 u∫
0

gT (v) dv − cT

 du→ 0,

x∫
0


 u∫

0

gT (v) dv − cT

2

− b2T

 du→ 0,

as T →∞, then the stochastic process (2bTn)
−1
βTn(t), considered for any subsequence Tn →∞ such that lim

Tn→∞
bTn >

0, weakly converges, as Tn →∞, to a Wiener process W (t).

Example 2. Let gT (x) = T (sin [(x− x1)T ] + cos [(x− x2)T ]). Then the conditions of Theorem 1 hold for cT =
cos(x1T ) + sin(x2T ), b2T = 1 + sin ((x2 − x1)T ).

This result is a continuation of the research provided in [1] and [2].
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differential equations with nonregular dependence on parameter. Theory Probab. and Math. Stat. 96, (2017), 110–124.
Taras Shevchenko National University of Kyiv, 64/13, Volodymyrska Street, 01601, Kyiv, Ukraine
E-mail address: grilogkulinich@gmail.com

Asymptotic behavior of the martingale-type integral functionals defined on the
solutions to stochastic differential equations

G.L. Kulinich1, S.V. Kushnirenko2, Yu.S. Mishura3

Consider the functional βT (t) =
t∫

0

gT (WT (s)) dWT (s), where gT = gT (x) is a fami-

ly of measurable and locally bounded functions, x ∈ R, T > 0 is a parameter, {WT (t), t ≥ 0} is a family of standard
Wiener processes defined on a complete proba-
bility space (Ω,=,P).

Theorem 1. Assume that there exists a measurable locally bounded function g0 = g0(x) such that for any x ∈ R we
have that

x∫
0

g2
T (v) dv − g0(x)→ 0 and

x∫
0

|gT (v)| dv → 0

38



a.e., as T → ∞, and moreover, |
x∫
0

|gT (v)| dv|χ|x|≤N ≤ CN for arbitrary N > 0. Then the stochastic process βT (t)

weakly converges, as T →∞, to the process β(t) = W ∗
(
β(1)(t)

)
, where

β(1)(t) = 2

W (t)∫
0

g0(x) dx+

t∫
0

g0(W (s)) dW (s)

 ,
W ∗ = {W ∗(t), t ≥ 0} is the Wiener process, and the Wiener processes W and W ∗ are independent.

In particular, if g0(x) = c0 signx, then β(1)(t) = 2c0LW (t, 0), where LW (t, 0) is the local time at zero of the Wiener
process W at the interval [0, t].

This result is a continuation of the research carried out in the paper [1].
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Evolution of states and mesoscopic scaling for two-component spatial birth-and-death
processes

O. Kutoviy

Two coupled spatial birth-and-death Markov evolutions on Rd are obtained as the unique weak solutions to the
associated Fokker-Planck equations. Such solutions are constructed by its associated sequence of correlation functions
satisfying the so-called Ruelle-bound. Using the general scheme of Vlasov scaling we are able to derive the system
of non-linear, non-local mesoscopic equations describing the effective density of the particle system. The results are
applied to several models of ecology and biology.

Universitätsstraße 25, 33615 Bielefeld, Germany
E-mail address: kutoviy@math.uni-bielefeld.de

Application of the Monte Carlo method to the solution of the traveling salesman
problem

N. Kuznetsov

There are several optimization problems which can be named "classical". The traveling salesman problem is one
of the best-known and attracting researchers’ attention for a long time. We consider a symmetric salesman problem:
by given distances between all n cities we have to find a minimum-length tour that visits each city exactly once and
returns to the first city in the tour. Thousands of articles aimed to find the optimal or near-optimal solution were
published. Since it is a NP-problem there is no chance to develop any algorithm which is able to determine an exact
solution for large values of n (at least several hundreds). Therefore, the main efforts were concentrated on developing
heuristic algorithms. The Lin-Kernighan heuristic [1, 2] is generally considered to be one of the most effective methods
for generating optimal or near-optimal solutions for the symmetric traveling salesman problem.

We propose a new algorithm which is able to determine an optimal or near-optimal solution for the symmetric
traveling problem. This algorithm is based on the directed Monte Carlo simulation, on some combinatorial transfor-
mations of the tours and on statistical investigation of edges which belong to all tours with the shortest length. Using
this approach we have obtained the exact solutions for all test-examples from the TSPLIB (http://elib.zib.de/pub/mp-
testdata/tsp/tsplib/tsp/) with n ≤ 1000. We believe that this approach can be generalized for the asymmetric traveling
problem.
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Limit processes for multi-channel networks in heavy traffic

E.A. Lebedev

Methods of the theory of stochastic processes are an efficient tool for the analysis of the characteristics in the
simulation of data transmission networks, computer networks and systems of collective use. These methods make
possible to evaluate the networks capacity, to find load reserves for network components and control parameters for
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information flows. Adequate models of the real processes in networks of transmission and processing information are
stochastic networks or networks of queues.

As a rule, the service process in queueing network is a vector of large dimension with interdependent components
and complex system of stochastic relations which determine the process. That is why the method of functional
limit theorems is especially efficient for the analysis of service process in queueing networks. This method gives
possibility to construct an approximate process and to calculate the distribution of functionals in order to obtain
integral characteristics for the service process.

Examples of functionals of this type are contained in [1]. This paper includes general conditions of convergence of
stochastic processes in suitable topologies. Since in the present work the relevant choice functions of limit processes
are continuous with probability 1, then the uniform topology will be throughout used.

An important class of approximations for the service process in queueing networks is given by diffusions. Many
papers in the area are indeed devoted to the study of diffusion approximation (see, for example, [2]- [4] and references
therein).

The present work develops the functional limit theorems for the class of multi-channel queueing networks. The
object of investigation is a multi-channel network of the type [G|GI|∞]

r , where r is the number of service nodes.
The conditions of heavy traffic are formulated and limit theorems of the diffusion approximation type are proved. In
the proof of limit theorems for simple models the local approach developed by I.I. Gikhman in [5] was applied. Later
on it was shown that for multi-channel networks in the process of service an accumulation of aftereffects takes place.
Therefore the limit process loses a Markov property and is outside the set of diffusions.
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On conditions of stochastic networks approximation by Ornstein-Uhlenbeck process

H.V. Livinska

Recent years, networks research has acquired new practical importance as a primary tool for studying, designing
and optimizing real-world systems with interacting components for which stochastic networks provide a simple but
extremely useful representation. The role of the networks is constantly increasing in epidemiology, genetics, economics
(insurance, logistics), in the study of cellular communication networks, computer viruses, computer support. Models of
stochastic networks (or queueing networks) is successfully used at all levels of organization of such network structures.

In this work Markovian multi-channel stochastic networks with rate of the external load dependent of time are
considered. It is assumed that the starting load in the network can be not only a certain constant value, but also be
asymptotically increasing in a series scheme. A multidimensional service process of the network is introduced as the
number of calls at the network nodes at the correspondent instant. For the service process, approximating Gaussian
processes are constructed for both cases of starting load in heavy traffic operating regime. Correlation characteristics
of the limit processes are written via the network parameters. In the case when the number of calls at the network
nodes is asymptotically large at the initial instant of time, a multidimensional Ornstein-Uhlenbeck process is obtained
as the limit of the service process. Correspondent convergence conditions are formulated.
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The local principle of large deviations for birth and death processes

A.V. Logachov

We consider a continuous time Markov process ξ(t), t ≥ 0, starting from zero and with the state space Z+ ∪ {∞},
where Z+ = {0} ∪ N.

The evolution of the process can be described in the following way. Let ξ(t) = x ∈ Z+. The state is not changed
during a time τx, where τx is a random variable distributed exponentially with a parameter h(x) > 0. At the moment
t+ τx the value of the process becomes equal to x± 1 with probabilities

P(ξ(t+ τx) = x+ 1) =
λ(x)

h(x)
, and P(ξ(t+ τx) = x− 1) =

µ(x)

h(x)

respectively, where λ(x) + µ(x) = h(x), λ(x) > 0 when x ∈ Z+, µ(x) > 0 when x ∈ N.
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We assume that for x = 0 the equalities µ(x) = 0, λ(x) = λ0 > 0 and following asymptotic conditions lim
x→∞

λ(x)

Plxl
=

lim
x→∞

µ(x)

Qmxm
= 1 are satisfied, where Pl and Qm are positive constants, l ≥ 0, m ≥ 0, max(l,m) > 0.

We consider the sequence

ξT (t) =
ξ(tT )

T
, 0 ≤ t ≤ 1,

where T > 0 is an infinitely increasing parameter.
Let’s denote by F the set of continuous functions such that f(0) = 0 and f(t) > 0 for t > 0.
The local principle of large deviation for the sequence ξT (·) is obtained. The rate function for a set F is found.

See also related work [1].
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Asymptotic properties of parameter estimators in the fractional Vasicek model

S.S. Lohvinenko

We study the fractional Vasicek model, described by the stochastic differential equation Xt = x0 +
t∫

0

(α− βXs) ds+

γBHt , t ≥ 0, where BH is a fractional Brownian motion. We assume that the parameters x0 ∈ R, γ > 0 and H ∈ (0, 1)
are known.

First, applying the analog of the Girsanov formula for a fractional Brownian motion ( [1, Theorem 3]), maximum
likelihood estimators (MLEs) for the parameters α and β are obtained for the case H > 1/2. We provide three variants
of the problem: (i) β is known, and we get the MLE for α and prove that it is unbiased, strongly consistent and
normal ( [2, Theorem 3.1]); (ii) α is known, and we have the MLE for β and prove that it is strongly consistent and
asymptotically normal ( [2, Theorem 3.2]); (iii) both parameters are unknown, and we get the MLEs for (α and β) and
prove that they are consistent and asymptotically normal ( [2, Theorem 3.3]). Next, we introduce the least squares
estimators of the unknown parameters and prove their strong consistency in the case H ≥ 1/2 ( [3, Theorem 2.1]).
Since the discretization and simulation of above estimators are quite difficult, we introduce alternative estimators and
their discretized versions, which are more useful for practical applications, and prove their strong consistency for any
H ∈ (0, 1) ( [3, Theorems 2.2 and 2.3]).
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On spectral structure of the distributions of the random variables with independent
GLS-symbols

M.L. Lupain1, R.O. Nikiforov2, G.M. Torbin3

Let {ξk} be the sequence of independent random variables with the following distributions: P{ξk = i} =

pik,
∞∑
i=0

pik = 1,∀k ∈ N0 := {0, 1, 2, ...}. For a given sequence {ξk} and a given GLS-expansion of real numbers

(see, e.g., [3]), let us consider the random variable ξ = ∆GLS
ξ1ξ2...ξk...

, which is said to be the random variable with inde-
pendent GLS-symbols. Let µξ be the corresponding probability measure. The following theorem gives necessary and
sufficient conditions for µξ to be of the pure spectral type (GS-, GC-, GP-types) (see, e.g., [2] for the corresponding
definitions and spectral classification of singularly continuous probability measures).

Theorem 1. The probability measure µξ is of pure spectral type and
1) µξ has a pure GS–type if and only if the matrix P = ||pik|| has only finite number of columns containing zero

elements.
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2) µξ has a pure GC–type if and only if the matrix P = ||pik|| has an infinite number of columns containing zero
elements and

∞∑
k=1

(
∑

i:pik=0

qi) =∞ .

3) µξ has a pure GP–type if and only if the matrix P = ||pik|| has an infinite number of columns containing zero
elements and

∞∑
k=1

(
∑

i:pik=0

qi) <∞.
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Probability distribution function of Cantor type and distributions of their values

I.M. Lysenko, M.V. Pratsiovytyi

We consider a distribution of the random variable Y = F (X), where X is a random variable with random ternary
digits and y = F (x) is a classic singular Cantor function. Lebesgue structure (i.e., content of discrete, absolutely
continuous and singularly continuous components) of distribution of Y is studied in detail.

Theorem 1. Let X = ∆3
τ1τ2...τn... be a continuous random variable with independent random ternary digits τn, with

respective probabilities

P{τn = i} = pin ≥ 0, p0n + p1n + p2n = 1, i = 0, 1, 2, n ∈ N,
∞∏
k=1

max
i
{pik} = 0,

and y = F (x) is a classic singular Cantor function, i.e.,

F (x) = βα1(x) +

∞∑
k=2

(βαk(x)

k−1∏
j=1

qαj(x)),

where q0 = 1
2 = q2, q1 = 0, β0 = 0, β1 = β2 = 1

2 .
Then the distribution of random variable Y = F (X) is

1) purely discrete if and only if
∞∏
k=1

(1− p1k) = 0 ⇔ W ≡
∞∑
k=1

p1k =∞;

2) purely continuous if and only if W = 0 i.e. p1k = 0 for any k ∈ N;

3) the mixture of discrete and continuous distributions when 0 <
∞∏
k=1

(1− p1k) < 1;

4) purely absolutely continuous when W = 0 and S ≡
∞∑
k=1

1∑
i=0

(1− 2p2ik)2 <∞;

5) purely singular when W = 0 and S =∞.
Continuous component of distribution random variable Y has purely Lebesgue type, and moreover, is absolutely

continuous if and only if L =
∞∑
k=1

(p0k − p2k)2 <∞, and is singularly continuous if L =∞.
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Kaplan-Meyer estimator for mixtures

R. Maiboroda

We consider a modification of the Kaplan-Meyer estimator (mKME) proposed in [1] for the case when the ob-
servations are obtained from a mixture of different populations (components) with mixing probabilities varying from
observation to observation (mixture with varying concentrations, MVC) and derive conditions of their asymptotic
normality in the uniform norm.

Let there be subjects Oj;n each belonging to one of M components (subpopulations), ξj;n = ξ(Oj;n) > 0 is the
variable of interest (the failure time) of Oj;n, Cj;n = C(Oj:n) is the censoring time for Oj;n. It is assumed that if
the component which O belongs to is fixed then ξ(O) and C(O) are independent. We also assume that (ξj;n, Cj;n),
j = 1, . . . , n are independent for fixed n.
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We observe the censored sample Xn = (ξ∗j;n, δj;n, j = 1, . . . , n), in which ξ∗j;n = min(ξj;n, Cj;n) is the censored
failure time for the j-th observed subject and δj;n = 1{ξj;n < Cj;n} is the indicator of non-censoring (it is 1 iff the
j-th observation was not censored and 0 otherwise).

Let κj;n be the number of component that Oj;n belongs to. We assume that the mixing probabilities (concentrations
of components) pmj;n = P{κj;n = m} are known.

Denote by
Fk(x) = P{ξ(O) ≤ x | κj;n = k}

the CDF of the k-th component failure time. The mKME for Fk(t) is defined as

F̂k,n(t) = 1−
∏

j:ξ∗j;n≤t

1−
akj δj

n−
∑

i:ξ∗i;n<ξ
∗
j;n

aki

 , (1)

where akj are the minimax weights for the k-th component distribution estimation (see [2]).
Under suitable assumptions the empirical process

Uk;n =
√
n(F̂k;n(t)− Fk(t)) (2)

converges weakly in D[0, T ] to a continuous Gaussian process.
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The Peano Theorem for Stochastic Equations

S.Ya. Makhno

In this report we investigate a weak convergence of measures µε generated by solutions of Ito stochastic equations

ξε(t) =

∫ t

0

b(ξε(s))ds+ ε

∫ t

0

σ(ξε(s))dw(s),

when ε→ 0. We assume that b(0) = 0 and b(x)x > 0 if x 6= 0. It is therefore reasonable to expect that a limit measure
is concentrated on the solutions y(t) of equation

y(t) =

∫ t

0

b(y(s))ds.

But if this ordinary equation has infinitely many solutions then the limit measure is concentrated with some weights
on the extremal solutions y, y : for any bounded continued functional F (f)

lim
ε→0

∫
C[0,∞)

F (f)µε(df) = ΓF (y) +
(
1− Γ

)
F (y),

Formulas for weights are obtained. These results are fully published in [1].
Example 1. Let αi ∈ (0, 1), i = 1, 2, b(x) = xα1 , x ≥ 0, b(x) = −|x|α2 , x ≤ 0, σ(x) = σ1, x ≥ 0, σ(x) = σ2, x ≤ 0.

Then y(t) = [(1 − α1)t]
1

1−α1 , y(t) = −[(1 − α2)t]
1

1−α2 . If α1 < α2, then Γ = 1, if α2 < α1, then Γ = 0 and if
α1 = α2 = α, then Γ = [1 + (σ1

σ2
)

2
1+α ]−1.

Example 2. Let function b(x) will be as in example 1 for α1 = α2 = α ∈ (0, 1). Coefficient σ(x) = 2− cosx, x ≥ 0,

σ(x) = 2 + cosx, x ≤ 0. Then Γ = (1 + 9
1

1+α )−1.
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Non-central limit theorems for excursion sets of subordinated Gaussian random fields

V. Makogin

In this talk, we consider the limiting behaviour of volumes of the excursion sets, given by
∫
Wn

I{X(t) ≥ u}dt, when
X is a subordinated Gaussian random field and Wn ⊂ Rd, n ≥ 0 is a growing sequence of observation windows. In the
first part, we present the central limit theorems, i.e., when the limiting distribution is normal.

The second part of the talk is devoted to non-central limit theorems and the limiting random variables are written
as multiple Wiener-Itô integrals. Their distributions are determined by Hermite expansions and limiting properties of
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spectral densities. Namely, let {Y (t), t ∈ Rd} be a real valued centered Gaussian random field with E[Y (t)]2 = 1 and
{X(t) = f(Y (t)), t ∈ Rd} be the corresponding subordinated field, where f is a Borel function.

Denote by m the Hermite rank of Gu(x) := f(x)I{x ≥ u}, x ∈ R for u ∈ R. Particularly, we have the following
result for anisotropic random fields. Suppose that Y has spectral density gA(z1, . . . , zd) =

∏d
l=1 Ll(zl)|zl|γl−1, z =

(z1, . . . , zd) ∈ Rd, where γl ∈ (0, 1/m) and Ll, l = 1, d are slowly varying functions at 0. Let Wn =
∏d
l=1[0, rn,l],

rn,l →∞, l = 1, d. Then

1

cm

d∏
l=1

r
γlm/2−1
n,l

Ll(r
−1
n,l)

(∫
Wn

I{X(t) ≥ u}dt− |Wn|P(X(0) ≥ u)

)
d→
∫ ′
Rdm

d∏
l=1

1

|y1,l · · · ym,l|(1−γl)/2
ei(y1,l+···+ym,l) − 1

i(y1,l + · · ·+ ym,l)
W̃ (dy1) . . . W̃ (dym), n→∞.

Institute of Stochastics, Ulm University, D-89069 Ulm, Germany
E-mail address: vitalii.makogin@uni-ulm.de
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Thresholds uniqueness of some systems of random equations over the field GF(2)

V.I. Masol

Consider the following system of equations over the field GF(2) containing only two elements:
n∑
j=1

aij = 0, i = 1, 2, ..., N. (1)

We assume that condition (A) holds: the coefficients aij , i = 1, N, j = 1, n, are independent random variables
taking the value 1 with probability pij , pij = P{aij = 1}, and the value 0 with probability 1− pij .

Denote by Ev(pij , i = 1, N, j = 1, n) the expected number of nontrivial solutions of system (1). Let N0 be the
uniqueness threshold of system (1), i.e. N0 is the number such that

Ev(pij , i = 1, N0 − 1, j = 1, n) > 1, Ev(pij , i = 1, N0, j = 1, n) ≤ 1.

The intervals of change of distributions of the coefficients of system (1) with constant N0 for every interval
are established in the report. For example, if conditions (A), pij = 0, 5 + ∆ij , |∆ij | ≤ 0, 456/n2, n ≥ 10 are fulfilled,
then N0 = n.

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
E-mail address: vimasol@ukr.net

Interpolation of multidimensional stationary sequences with missing observations

O.Yu. Masyutka1, M.P. Moklyachuk2, M.I. Sidei3

We consider the problem of the mean-square optimal estimation of the linear functionalAs~ξ =
s−1∑
l=0

Ml+Nl+1∑
j=Ml

~a(j)>~ξ(j),

Ml =
l∑

k=0

(Nk +Kk), N0 = K0 = 0, which depends on the unknown values of a stochastic stationary sequence ~ξ(j) =

{ξk(j)}Tk=1 , j ∈ Z from observations of the sequence at points j ∈ Z\S, where S =
s−1⋃
l=0

{Ml,Ml + 1, . . . ,Ml +Nl+1}.

In the case where the spectral density F (λ) of the sequence ~ξ(j) is exactly known using the traditional methods
of estimation we can provide formulas for calculating the values of the mean square error ∆(h, F ) and the spectral
characteristic h(eiλ) of the optimal linear estimate Âs~ξ of the functional As~ξ.

In practice, however, we do not have complete information on spectral density of the sequence. In the case where
the spectral density is unknown while a set of admissible spectral densities is given, the minimax approach is applied.
We can obtain formulas that determine the least favorable spectral densities and the minimax spectral characteristics
of the optimal linear estimates of the functional As~ξ for concrete classes of admissible spectral densities. It can be
shown that spectral densities of the autoregressive stochastic sequences are the least favorable in some classes of
spectral densities.

1Department of Mathematics and Theoretical Radiophysics, Kyiv National Taras Shevchenko University, Kyiv 01601,
Ukraine; 2,3Department of Probability Theory, Statistics and Actuarial Mathematics, Taras Shevchenko National Uni-
versity of Kyiv, Kyiv 01601, Ukraine

E-mail address: Moklyachuk@gmail.com
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Asymptotic behavior of random variables’ extreme values. Discrete case

I.K. Matsak

The report will examine the asymptotic behavior of almost surely extreme values of discrete random variables.
Some applications to the problems of queueing theory are given. In particular, the exact asymptotic behavior of

the maximum length of the queue is established for the systems of (M/M/m) type.
Taras Shevchenko National University of Kyiv, 2/6 Academician Glushkov Ave., Kyiv, 03127, Ukraine
E-mail address: ivanmatsak@univ.kiev.ua

Confidence sets for regression coefficients by observations from a mixture

V. Miroshnychenko

The communication is devoted to the technique of confidence ellipsoids construction for coefficients of linear re-
gression, in the case when the observed data set Ξ = (ξn)n=1,N = (Xn,Yn)n=1,N is derived from a mixture with the
finite number M of components, and the mixing probabilities (pki )k=1,M

i=1,N are different for different observations.
In other words,

Yi = XT
i b

κj + ε
κj
i ,

where κj is an unobserved number of a component to which the jth observation belongs, bk are the unknown regression
coefficients for the observations from the kth component, and εkj is an error term with distribution which may depend
on k.

The mixing probabilities pkj = P{κj = k} are assumed to be known.
We discuss two approaches to the estimation of the parameters bk. The first approach is a parametric one, when

the densities of regressors and the error terms are known for all components up to some unknown parameters [1], [2].
Modifications of maximum likelihood technique are discussed for this model.

The second approach is a nonparametric one when we do not know the distributions of regressors’ errors. In this
case, a version of weighted least squares method can be applied to derive the estimates for bk (see [3]).

In both cases, confidence ellipsoids for bk are constructed. Both approaches are used for analyzing dependencies
between the results of External Independent Testing (EIT) and Ukrainian parliamentary election, 2014.
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Fractional stochastic volatility

Yu.S. Mishura

We consider financial markets with stochastic volatility modeled by the positive function of fractional Ornstein–
Uhlenbeck process. Option pricing for the European options that can be presented as the discontinuous function of
polynomial growth of the terminal asset price, produced using a variety of methods. The rate of convergence of the
discretized option price is established. The detailed exposition is contained in [1]

This is a common work with V. Bezborodov and L. di Persio from the University of Verona.
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Ruin probability in the risk model with additional funds: analytic properties and
practical approaches to the estimation

Yu.S. Mishura1, O.Yu. Ragulina2, O.M. Stroyev3

We deal with a generalization of the classical risk model where an insurance company gets additional funds whenever
a claim arrives [1,2]. We investigate continuity and differentiability of the infinite-horizon ruin probability and derive
an integro-differential equation for this function. We find the closed form solution to this equation in the case where
the claim sizes and additional funds are exponentially distributed. Next, we consider some practical approaches to
the estimation of the ruin probability. In particular, we get an upper exponential bound and construct an analogue
to the De Vylder approximation for the ruin probability. We compare the results of those approaches with statistical
estimates obtained by the Monte Carlo method for some selected distributions of the claim sizes and additional funds.
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Maximum likelihood drift estimation for a Gaussian process

Yu.S. Mishura1, K.V. Ralchenko2, S.V. Shklyar3

We investigate the regression model Xt = θG(t) + Bt, where θ is an unknown parameter, G is an absolutely
continuous deterministic function, and B is an unobserved centered Gaussian process with known covariance function.
We assume that:

(A) there exists a linear self-adjoint operator ΓT : L2[0, T ]→ L2[0, T ] such that cov(Xs, Xt) =
∫ t

0

(
ΓT1[0,s]

)
(u) du;

(B) the drift G is not identically zero, and can be represented as G(t) =
∫ t

0
g(s) ds for some function g ∈ L2[0, T ];

(C) the equation g = ΓhT has a unique solution hT ∈ L2[0, T ].
Then the maximum likelihood estimator has the form

θ̂T =

∫ T
0
hT (s) dXs∫ T

0
g(s)hT (s) ds

.

It is unbiased and normally distributed. If, additionally, lim inf
t→∞

G(t)−2 VarBt = 0, then the estimator θ̂T converges to
θ as T → ∞ almost surely and in mean square. Moreover, for fixed T , the discrete-time estimator, which uses only
finite number of observations of the stochastic process X, approximates the estimator θ̂T consistently.

We study the following examples of the process Bt: a fractional Brownian motion, a sum of independent fractional
Brownian motion and Wiener process, a subfractional Brownian motion, and a sum of two independent fractional
Brownian motions.
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Construction and Properties of the Fractional Cox-Ingersoll-Ross Process

Yu. Mishura1, A. Yurchenko-Tytarenko2

Let Y = {Yt, t ≥ 0} be the solution of the equation dYt = 1
2

(
k
Yt
− aYt

)
dt+ σ

2 dB
H
t , t ≥ 0, where Y0 > 0, a, k ∈ R,

σ > 0 and {BHt , t ≥ 0} is a fractional Brownian motion.
Let us define the fractional Cox-Ingersoll-Ross process X as Xt = Y 2

t 1{t<τ}, where τ is the first zero hitting
moment of Y , i.e. τ = sup{t > 0|∀s ∈ [0, t) : Ys > 0}.

We prove that such process satisfies the SDE of the form dXt = (k − aXt) dt + σ
√
Xt ◦ dBHt , t < τ , where the

integral with respect to the fractional Brownian motion is considered as the pathwise Stratonovich integral and consider
the question of the corresponding zero hitting time finiteness.
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If k = 0, then Y is a fractional Ornstein-Uhlenbeck process. In this case, if a > 0, the probability of finiteness of
the zero hitting moment is 1, and if a < 0, it is between 0 and 1.

In the case k > 0 and H > 1/2, the process is strictly positive and never hits zero.
If H < 1/2, we prove that the probability that the fractional CIR process does not hit zero on an arbitrary fixed

finite interval tends to 1 as k →∞.
In order to have the process with positive trajectories for H < 1/2, we introduce the approximation models and

consider their limit.
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Guaranteed estimations of functions from the solutions of quasilinear stochastic
equations in Hilbert spaces

O.G. Nakonechnyi

Suppose that the implementation of a vector random process y(t) = (y1(t), ..., yN (t)) is observed on the interval
(0, T ):

yk(t) = (hk(t), x(t)) + ξk(t). (1)
Here hk(t) is a function in a separable Hilbert space H, x(t) is the solution of the stochastic equation

dx(t) = A(t)x(t)dt+
∞∑
k=1

bk(t, x(t))dwk(t) +

∫
Ω

f(t, x(t), θ)µ(dθ × dt), x(0) = x0,

where A(t) is a linear bounded operator, bk(t, x), f(t, x, θ) are functions with the values in the space H, wk(t) are
independent Wiener processes, µ(dθ× dx) = ν(dθ× dx)−m(dθ)dt, ν(·) is a Poisson measure, m(·) is a finite measure
on a measurable space (Θ,B). Let Eν(dθ × dx) = m(dθ)dt, ν(·) do not depend on wk(t), k = 1,∞, x0 be a given
vector. Also, let ξ(t) = (ξ1(t), ..., ξN (t)) be a vector random process with unknown average value a(t) and unknown
correlation matrix R(t).

We investigate the problem of the estimation of the functional

F (x) =

∫ T

0

v1(t)x(t)dt+ v2x(T ),

by observation (1), where v1(t), v2 are linear bounded operators from H into a Hilbert space H1. If F1(y) is a linear
estimator of F (x) then the guaranteed mean-square estimator can be found from the condition

inf
F1(y)

sup
a,R

E|F (x)− F1(y)|2 = sup
a,R

E|F (x)− F̂1(y)|2.

It is shown that under certain conditions such estimators exist and can be presented via the solutions of the problem
of optimal control for the linear operator differential equations.
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Orthogonal regression by observations from mixture with varying concentrations

H. Navara1, O. Sugakova2

We consider estimation of regression coefficients by observations from mixture of finite numberM of sub-populations
(components). The number of population which the observed subject belongs to is unknown. It is assumed that the
probabilities to observe a subject from the k-th population (mixing probabilities) are different for different observations.
These probabilities are known.

A simple linear regression model with errors in variables is assumed for each component of the mixture. It is assumed
that the variances of observation errors in dependent and independent variables are the same in each component. These
variances can be different for different components as well as the regression coefficients.

A similar problem for the classical regression model was considered in [1].
A modification of weighted orthogonal regression technique is proposed to derive estimators for the regression

coefficients of the k-th component, k = 1, . . . ,M . The minimax weights (see [2]) are used for the weighting.
Consistency and asymptotic normality of these estimates are demonstrated and the dispersion matrix is evaluated.
Performance of the estimates on samples of small and moderate size is assessed by simulations.
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On crossings numbers of a fixed hyperplane by some processes related to the
rotationally invariant α-stable random process

M.M. Osypchuk

The report is devoted to the problem of the number of crossings of a fixed hyperplane S = {x ∈ Rd : (x, ν) = r}
(where ν ∈ Rd is a unit vector and r is some real number) by a sequence of discrete approximations of a d-dimensional
rotationally invariant α-stable random process (x(t))t≥0. We are interested in the limiting distributions of this number
with some normalization, when the sampling step is reduced to zero. Theorems of this type were initiated by I. I.
Gikhman in connection with some problems of mathematical statistics.

Let (x(t))t≥0 be a Markov process determined by its transition probability density g(t, x, y) = (2π)−d
∫
Rd

exp{i(λ, y−

x)−ct|λ|α} dλ, t > 0, x ∈ Rd, y ∈ Rd, where c > 0, 1 < α ≤ 2 are some fixed constants. Denote by ξ(n)
m the number

of crossings of hyperplane S by the ordered set of points in Rd: x(0), x(1/n),. . . ,x(m/n) with some integers m and n.
We consider the process x(t) and some processes related with it. The first one is the process killed (with some

coefficient) on the hyperplane S. Another one is a pseudo process with its semigroup generator of the following form:
A+ (νq(·)δS(·),B), where A is the generator of the process x(t) (i.e. the pseudo differential operator with its symbol
−c|ξ|α), B is the pseudo differential operator with its symbol i|ξ|α−2ξ and δS(·) is the delta-function on hyperplane
S, q(·) is some function on S.

In each of these cases we construct an integral equation whose solution is the characteristic function of limit
distribution of n−1+1/αξ

(n)
[nt] as n → ∞. These distributions are related to the distributions of the local times of the

corresponding processes on the surface S.
Vasyl Stefanyk Precarpathian National University, 57, Shevchenko str., Ivano-Frankivs’k, 76018, Ukraine
E-mail address: mykhailo.osypchuk@pu.if.ua

Some Approaches to simulation of Gaussian Stochastic Processes

A. Pashko1, I. Rozora2

The use of statistical simulation methods, in particular, the methods for simulation of Gaussian processes, is becom-
ing increasingly popular nowadays. Really, in addition to the problems of simulation and estimation of traffic in the
theory of telecommunication networks, the models of Gaussian stochastic processes are used in financial mathematics,
while solving stochastic boundary value problems and problems of computational mathematics, in queueing systems.

Some approaches to the modeling of Gaussian processes with given accuracy and reliability in different functional
spaces, namely, in Orlicz space and in the space of continuous functions are investigated. The methods are based
on series expansions and we use the theory of sub-Gaussian random variables and square-Gaussian processes. We
consider a situation when a stochastic process is an input process on some linear system and construct the model that
approximates input with given accuracy and reliability in the space of continuous functions taking into account the
response of the system.
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Accuracy of simulation of fractional Brownian motion in Orlicz spaces

A.O. Pashko1, O.I. Vasylyk2

Let (Ω,Σ, P ) be a standard probability space and T be a parametric space. A random process {Wα(t), t ∈ T} is
called generalized fractional Brownian motion with parameter α ∈ (0, 2), if it is a Gaussian process with zero mean
EWα(t) = 0 and correlation function R(t, s) = 1

2

(
|t|α + |s|α − |t− s|α

)
, such that Wα(0) = 0.
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This process can be represented in the form of the stochastic integral:

Wα(t) =
A√
π

(∫ ∞
0

cos(λt)− 1

λ
α+1
2

dξ(λ)−
∫ ∞

0

sin(λt)

λ
α+1
2

dη(λ)

)
, t ∈ [0, T ],

where ξ(λ), η(λ) are independent real valued standard Wiener processes with Eξ(λ) = Eη(λ) = 0, E
(
dξ(λ)

)2
=

E
(
dη(λ)

)2
= dλ, A2 =

{
− 2
πΓ(−α) cos

(
απ
2

)}−1

.

We construct a model of the process Wα in the following form

SM (t,Λ) =
A√
π

(M−1∑
i=1

cos(λit)− 1

λ
α+1
2

i

Xi −
M−1∑
i=1

sin(λit)

λ
α+1
2

i

Yi

)
, t ∈ [0, T ], M ∈ N,

where {Xi, Yi}, i = 1, 2, . . . ,M − 1, are independent Gaussian random variables with EXi = EYi = 0, EX2
i = EY 2

i =
λi+1 − λi, and 0 = λ0 < λ1 < ... < λM = Λ is a partition of the interval [0,Λ].

There will be presented conditions, under which this model approximates the process Wα with given reliability
1− δ, 0 < δ < 1, and accuracy ε > 0 in Orlicz spaces.
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Complex dynamics of system of nonlinear difference equations in the Hilbert space

O.O. Pokutnyi

The report is devoted to the necessary and sufficient conditions of the existence of solutions of the following
boundary value problem{

x(n+ 1, ε) = a(n)x(n, ε) + b(n)y(n, ε) + εZ1(x(n, ε), y(n, ε), n, ε) + f1(n),
y(n+ 1, ε) = c(n)x(n, ε) + d(n)y(n, ε) + εZ2(x(n, ε), y(n, ε), n, ε) + f2(n), (1)

l((x(·, ε), y(·, ε))T ) = α, (2)
where a(n), b(n), c(n), d(n) ∈ l∞(J,L(H)),

l∞(J,L(H)) = {a : J → L(H), ||a|| = sup
n∈J
||a(n)||H <∞},

J ⊂ Z, L(H) is the space of bounded and continuous operators in the Hilbert space H, vector functions f1(n), f2(n) ∈
l∞(J,H), Z1, Z2 are nonlinearities, l is a linear and bounded operator which translates solutions of (1) into the Hilbert
space H1, and element α ∈ H1. We find solutions of (1) and (2) that for ε = 0 are transformed into one of the solutions
of the generating boundary value problem{

x0(n+ 1) = a(n)x0(n) + b(n)y0(n) + f1(n),
y0(n+ 1) = c(n)x0(n) + d(n)y0(n) + f2(n), (3)

l((x0(·), y0(·))T ) = α. (4)
We find the conditions of the existence of homoclinic chaos for (1) and (2) using the theory of generalized invertible
and Moore-Penrose operators from [1].
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Estimation of M/M/n/∞ retrial queue steady state probabilities

V. Ponomarov1, E. Lebedev2

In this presentation we deal with the problem of exact formulas for steady state probabilities of the M/M/n/∞
retrial queue. The main model under consideration is bivariate Markov chain Q(t) = (Q1(t), Q2(t))T whose state
space is a lattice semistrip S = {0, 1, . . . , n} × Z+. Q(t) describes the service process in classical retrial queue, where
Q1(t) is a number of occupied servers, Q2(t) is a number of sources of retrial calls. We will define a general problem
formulation and describe an approach developed for its solution. Application of the described approach is illustrated
on the partial case of retrial queue with constant retrial rate.

In spite of widespread of the retrial queues explicit formulas of the steady state probabilities were obtained only
in the simplest cases. Steady state distribution or main performance measures of queues with more than two servers
are usually computed by some sort of a recurrent algorithm.

The main purpose of this presentation is to obtain explicit analytical expressions of probabilistic characteristics of
theM/M/n/∞ queue in the steady state through its parameters for any n = 1, 2, . . .. First we obtain explicit formulas
of vector-matrix type for steady state distribution of the truncated system. They can be written in the following form:

πj(N) = ∆j(N)π00(N), j = 0, 1, . . . ,

where ∆j(N) =
(∏N−1

i=j B−1
i Ai

)
C−1e1

{
eT1

(∏N−1
i=0 B−1

i Ai

)
C−1e1

}−1

, Ai, Bi, C - matrices that depend on the
parameters of the system.

To find stationary distribution of the initial system we now take the limit of ∆j(N) as truncation level N tends to
infinity.

Taras Shevchenko National University of Kyiv, Faculty of Computer Science and Cybernetics
E-mail address: 1vponomarov@gmail.com, 2leb@unicyb.kiev.ua

Random continuous functions with fractal properties

M.V. Pratsiovytyi

Suppose A3 ≡ {0, 1, 2} is an alphabet of ternary numeral system, L = A3 ×A3 ×A3 × ... is a space of sequences of
elements of alphabet;

[0; 1] 3 x =
α1

3
+
α2

32
+ ...+

αn
3n

+ ... = ∆3
α1α2...αn...

is a classic ternary representation of numbers,

G =

(
g01 g02 ... g0n ...
g11 g12 ... g1n ...
g21 g22 ... g2n ...

)
is a matrix with the following properties:

1) g0n + g1n + g2n = 1, | gin |< 1;
2) δ0n = 0, δ1n = g0n > 0, δ2n = g0n + g1n = 1− g2n > 0;

3)
∞∏
n=1

max
i
{gin} = 0.

We introduce function f by equality

f(x) = f(∆3
α1(x)α2(x)...αn(x)...) = δα11 +

∞∑
k=2

(δαkk

k−1∏
j=1

gαjj) ≡ ∆G
α1α2...αn....

Note that although there is countable set of points, which have two ternary representation ∆3
c1c2...cm−1cm(0) =

∆3
c1c2...cm−1[cm−1](2), the function y = f(x) is well-defined.
In the talk, we study variational, structural, integral, differential, self-similar and fractal properties of function f

as well as the distributions of values of function f of random variable and their spectral and structural properties.
In particular, we consider the case when the matrix G is determined by a unique numeral sequence or a unique

parameter ε ∈ [0; 1] (in this case column of the matrix has a form g = ( 2+ε
3 ; −1−2ε

3 ; 2+ε
3 ).

National Pedagogical Dragomanov University, Institute of Mathematics of NAS of Ukraine
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Structure and spectral properties of distribution of values of Cantor type
nonmonotonic function

M.V. Pratsiovytyi1, O.V. Svynchuk2

Suppose A5 ≡ {0, 1, 2, 3, 4} is an alphabet of quinary numeral system, L ≡ A5 × A5 × . . ., and x =
∞∑
k=1

αk(x)
5k
≡

∆5
α1...αk...

is a quinary representation of number x ∈ [0, 1], (αk) ∈ L.
Let (εn) be a given sequence of positive real numbers such that 0 ≤ εn ≤ 1 and let (gn) = (g0n, g1n, g2n, g3n, g4n)

be a sequence of vectors such that g0n = g4n =
2 + εn

4
, g1n = g3n =

−εn
4

, g2n = 0, n = 1, 2, . . .. We consider function

f(x) = δα1(x)1 +

∞∑
k=2

δαk(x)k

k−1∏
j=1

gαj(x)j

 ≡ ∆G
α1α2...αk...

, (1)

where δ0n = 0, δ1n = 2+εn
4 , δ2n = 2

4 = δ3n, δ4n = 2−εn
4 , i.e., δ[i+1]n =

i∑
j=0

gjn, n ∈ N.

Theorem 1. Suppose X = ∆5
τ1...τn... is a continuous random variable such that digits (τn) of its quinary representation

are independent random variables with distributions P{τn = i} = pin, i ∈ A5, where p3n = 0 = p4n for any n ∈ N .

Then distribution of random variable Y = f(X) is pure discrete if B ≡
∞∑
n=1

[
p2n

n−1∏
k=1

(1− p2k)

]
= 1 and is a nontrivial

mixture of discrete and continuous distributions if 0 < B < 1. Moreover,
(1) it is a mixture of discrete and singular distributions if

W =

∞∑
n=1

[(
1− 4

3
p′0n

)2

+ (1− 4p′1n)2

]
=∞, where p′0n =

p0n

p0n + p1n
, p′1n =

p1n

p0n + p1n
,

(2) it is a mixture of discrete and absolutely continuous distributions if W <∞.
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The asymptotic behaviour of the solutions of SPDE’s driven by general stochastic
measures

V.M. Radchenko

Let B be a Borel σ-algebra in R and µ : B → L0(Ω,F ,P) be a σ-additive mapping.
For ε > 0 we consider the following one-dimensional heat equations:

uε(t, x) =

∫
R
p(t, x− y)u0(y) dy +

∫ t

0

ds

∫
R
p(t− s, x− y)f(s/ε, y, uε(s, y)) dy

+

∫
R
dµ(y)

∫ t

0

p(t− s, x− y)σ(s/ε, y) ds ,

ū(t, x) =

∫
R
p(t, x− y)u0(y) dy +

∫ t

0

ds

∫
R
p(t− s, x− y)f̄(y, ū(s, y)) dy

+

∫
R
dµ(y)

∫ t

0

p(t− s, x− y)σ̄(y) ds .

We assume that the elements of the equations satisfies conditions of [1]. In addition, we assume that:
1) functions Hf (r, y, v) = f(r, y, v)−f̄(y, v), Gσ(r, y, v) =

∫ r
0

(f(s, y, v)−f̄(y, v)) ds, r ∈ R+, y, v ∈ R, are bounded;
2) functions Hσ(r, y) = σ(r, y)− σ̄(y), Gσ(r, y) =

∫ r
0

(σ(s, y)− σ̄(y)) ds, r ∈ R+, y ∈ R, are bounded.

Theorem 1. Assume that |y|τ is integrable w.r.t. µ on R for some τ > 1/2. Then for any γ < 1
2 −

1
4β(σ) there exist

versions of uε and ū such that

sup
x∈R,ε>0,0<t≤T

ε−γ |uε(t, x)− ū(t, x)| < +∞ a. s.
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The Gerber-Shiu function and the expected discounted dividend payments in the risk
model with stochastic premiums and dependence

O.Yu. Ragulina

We deal with a generalization of the risk model with stochastic premiums where dependence structures between
claim sizes and inter-claim times as well as premium sizes and inter-premium times are modeled by Farlie-Gumbel-
Morgenstern copulas, which allow positive and negative dependence as well as independence [1]. In addition, dividends
are paid to its shareholders according to a threshold dividend strategy. To be more precise, this implies that when the
surplus is below some fixed threshold, no dividends are paid, and when the surplus exceeds or equals the threshold,
dividends are paid continuously at some constant rate. We obtain integral and integro-differential equations for the
Gerber-Shiu function and the expected discounted dividend payments until ruin. Next, we concentrate on the detailed
investigation of the model in the case of exponentially distributed claim and premium sizes. In particular, we find
explicit formulas for the ruin probability in the model without either dividend payments or dependence as well as
for the expected discounted dividend payments in the model without dependence. Finally, numerical illustrations are
presented.

References
[1] Ragulina, O., The risk model with stochastic premiums, dependence and a threshold dividend strategy. Modern Stochastics: Theory

and Applications 4 (4), 2017, 315–351.
Taras Shevchenko National University of Kyiv, Volodymyrska Str. 64, Kyiv 01601, Ukraine
E-mail address: ragulina.olena@gmail.com

Drift parameter estimation in stochastic differential equation with stochastic volatility

K.V. Ralchenko

We study the stochastic differential equation (SDE), the diffusion coefficient of which includes an additional adapted
stochastic process Y :

dXt = θa(t,Xt) dt+ σ(t,Xt, Yt) dWt.

Such equations often arise as the models of a financial market in mathematical finance. We prove existence–uniqueness
results for weak and strong solutions of this equation under various conditions on the process Y and the coefficients
a and σ. Then we construct the least squares and maximum likelihood estimators for the unknown drift parameter θ
and prove their strong consistency. As examples of the main equation, we consider a linear model and the Ornstein–
Uhlenbeck process with stochastic volatility. We suppose that the volatility process Y is in turn a solution to some
Itô’s SDE. In particular, we study in details an SDE with constant coefficients, the Ornstein–Uhlenbeck process, and
the geometric Brownian motion, as the models for volatility.
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Properties and distribution of values of fractal functions related to Q2-representation
of real numbers

S.P. Ratushniak

We consider a fixed number q0 belonging to (0; 1). Let q1 ≡ 1 − q0. It is known from [1] that for any x ∈ [0; 1]
there exists a sequence (αn) ∈ L = A2 ×A2 × ...×A2 × ..., A2 = {0, 1} such that

x = α1q1−α1 +

∞∑
k=2

αkq1−αk

k−1∏
j=1

qαj

 = ∆Q2
α1α2...αk...

. (1)

Equality (1) determines Q2-representation of number x. Q2-representation is a binary representation if q0 = 1
2 .
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Let ϕ be a finite function defined in A2 × A2 and having values on A2 and fϕ be a function defined by equality
fϕ(∆Q2

α1...αn...) = ∆Q2

ϕ(α1,α2)ϕ(α2,α3)...ϕ(αn−1,αn)ϕ(αn,αn+1...)
. This function is well-defined because we use only one of two

representations for the same number.
Let X be a random variable such that digits of its Q2-representation are independent random variables with a

given distribution. We consider a distribution of random variable Y = fϕ(X).
In the talk, we study structural (content of discrete and continuous components, and singular and absolutely con-

tinuous components if continuous component is nontrivial), topological, metric and fractal properties of the spectrum
of distribution of random variable Y = fϕ(X), when ϕ(i, j) = |i− j| and ϕ(i, j) = |i− j|i.

If ϕ(i, j) = |i− j|, then the set Efϕ of values of function fϕ is unit interval. If ϕ(i, j) = |i− j|i, then the set Efϕ
of values of function fϕ is Cantor set C[Q2, 11].
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Correlation of clusters: partially truncated correlation functions and their decay

A.L.Rebenko

In the report we discuss partially truncated correlation functions (PTCF) of infinite continuous systems of classical
point particles with pair interaction. We derive Kirkwood-Salsburg (KS)-type equations for the PTCF and write
the solutions of these equations as a sum of contributions labelled by certain special graphs (forests), the connected
components of which are tree graphs. We generalize the method introduced by Minlos and Pogosyan in the case of
truncated correlations. These solutions make it possible to derive strong cluster properties for PTCF which were
obtained earlier for lattice spin systems.
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Simulation of linear stochastic system input process taking into account the output
process

I. Rozora1, M. Lyzhechko2

Gaussian stochastic processes with discrete spectrum are investigated. Consider a time-invariant linear system
with a real-valued square integrable impulse response function H(τ) which is defined on a finite domain τ ∈ [0, T ].
This means that the response of the system to an input signal X(t) which is observed on [−T, T ] has the following
form

Y (t) =

∫ T

0

H(τ)X(t− τ)dτ, t ∈ [0, T ] (1)

and H ∈ L2([0, T ]).
Suppose that the impulse response function is known. We also suggest that the input signal in system (1) is a

stationary stochastic process with discrete spectrum. By the model of input we will understand a truncated series
from stochastic process X(t).

Our aim is to construct the model which approximates the process with given accuracy and reliability in Banach
space C([0, T ]) taking into account the response of the system. For this purpose we prove the theorem that gives us
the relevant conditions using the methods and properties of Square-Gaussian processes. In one particular case the
values N (the upper limit of the summing in the model) are found for different accuracy and reliability using software
environment for statistical computing and graphics R.
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Integration with respect to coloured stable noise and stochastic wave equation in
dimension 3

L.I. Rusaniuk1, G.M. Shevchenko2

We study the wave equation 

( ∂2

∂t2
− a2∆

)
U (x, t) = ŻH(x), x ∈ R3, t > 0,

U(x, 0) = 0,

∂U

∂t
(x, 0) = 0,

(1)

where the source is a spatial random noise with symmetric α-stable distribution: it is a derivative ŻH(x) of a real
anisotropic harmonizable fractional stable field ZH with Hurst index H ∈ (1/2, 1) and stability index α ∈ (1, 2). Thus,
the random noise is ”coloured” in the sense that its increments are not independent.

We consider a candidate solution given by Kirchhoff’s formula

U(x, t) =
1

4πa

∫
y:|x−y|<at

1

|x− y|
ZH(dy)

and prove that it is a generalized solution.
Further we take a consistent approach to stochastic integration with respect to ZH , constructing a measure corre-

sponding to ZH , proving its σ-additivity in probability, defining an integral with respect to that measure, and proving
its properties. We also establish regularity of the solution.
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Central limit theorems for spectral functionals for long-range dependent Gaussian
random fields

L.M. Sakhno

In the talk the central limit theorem for spectral functionals (or quadratic forms) based on the tapered data is
presented.

Let a real-valued stationary random field Y (t), t ∈ Zd, be observed on a sequence of hypercubes LT = [−T, T ]d =
{t ∈ Zd : −T ≤ ti ≤ T, i = 1, ..., d}. Consider spectral functionals JT (ϕ) =

∫
T I

h
T (λ)ϕ (λ) dλ, where IhT (λ) is the

second-order periodogram based on the tapered values {hT (t)Y (t) , t ∈ LT }, and T = (−π, π]d. Suppose that the
taper hT (t) factorises and satisfies some standard conditions. We state the central limit theorem for the functional
JT (ϕ) in the case where Y (t), t ∈ Zd, is a zero-mean Gaussian random field with the spectral density f(λ) such that for
some 0 < αi < 1, i = 1, .., d, f(λ) = O(

∏d
i=1 |λi|−αi) as λi → 0, and ϕ(λ) = O(

∏d
i=1 |λi|αi) as λi → 0.We demonstrate

the application of the presented CLT for derivation of asymptotic normality results for Ibragimov minimum contrast
estimators. Two particular models of long-range dependent random fields are considered as examples: spatial Gaussian
fractional autoregressive processes and Gegenbauer random fields. The talk is based on the results presented in the
paper [1].
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Multi condition of stability for nonlinear stochastic non-autonomous delay differential
equation

L. Shaikhet

Stability problems for non-autonomous systems are very popular in theoretical research and applications and are
hard enough even in the deterministic case. In the proposed research some multi condition of stability in probability
for the nonlinear stochastic differential equation with the order of nonlinearity higher than one, with discrete and
distributed delays and time varying coefficients

ẋ(t) +

n∑
k=0

ak(t)x(t− hk) +

n∑
k=1

∫ t

t−hk
bk(s)x(s)ds+ g(t, xt) + σ(t)x(t− τ)ẇ(t) = 0,

x(s) = φ(s), s ∈ [−h, 0], h = max[h1, ..., hn, τ ],

|g(t, φ)| ≤
∫ 0

−h
|φ(s)|αdG(s), α > 1,

∫ 0

−h
dG(s) <∞,

is obtained via the general method of Lyapunov functionals construction [1].
Here ak(t), bk(t), σ(t) are known functions, w(t) is the standard Wiener process [2], h0 = 0, hk > 0, k = 1, ..., n,

τ ≥ 0, G(t) is a nondecreasing function, the integral with respect to dG(s) is understanding in the Stiltjes sense.
It is shown that the obtained stability condition gives in applications (n+1)2 different sufficient stability conditions.

Some of these conditions can be infeasible, from some of these conditions can follow some other conditions, the
remaining conditions will complement of each other. Theoretical results are illustrated by numerical calculations.
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Chaotic coherence: applications to “currency basket”

N.Y. Shchestyuk1, A. Semenuk2

Discussion of chaotic dynamics and coherence on networks are very popular in modern nonlinear science and has a
wide applicability to various fields. In the paper, we consider dynamics in networks of non-locally coupled oscillators
from point of view of financial applications. In finance, a basket is a group of several securities created for the purpose
of simultaneous buying or selling. A currency basket is a portfolio of selected currencies with different weights. We
propose to model dynamics of currency as

St+1 = ρSt + εt+1

εt+1 = αεt(1− εt), α = 3.8, t > 0, ε0 ∈ (0, 1).

We connect these currencies into the basket (network) using the following coupled chaotic map [1]

Sit+1 = f(Sit) +
σ

2P

j=i+P∑
j=i−P

(f(Sjt )− f(Sit)),

where Si are real dynamic variables (i = 1, ..., N,N � 1), index i is periodic (mod N), t denotes time, σ is the
coupling strength, P specifies the number of neighbors in each direction coupled with the ith element, f(S) is a local
one-dimensional map, which is described above with bifurcation parameter α = 3.8. We‘ve researched coherence for
our case in networks of coupled oscillators with local and nonlocal interaction, where coherence means that

lim
N→0

lim
t→0

sup
i,j∈UNδ (x)

|f(Sjt )− f(Sit)| → 0, δ → 0

where UNδ (x) = {j : 0 6 j 6 N, |j/N − x| < δ} denotes a network neighborhood of the point x. If the limit does not
vanish for δ → 0 at least for one point x, the network state is considered incoherent.
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Non-uniqueness for Stratonovich stochastic differential equation with power
nonlinearity

G. Shevchenko

Motivated by [1], we consider for p ∈ (0, 1) the stochastic differential equation

Xt = x+

∫ t

0

|Xs|1−p ◦ dBs, t ≥ 0, (1)

where B is the standard Wiener process, and ◦ denotes the Stratonovich integral. This equation has a strong “bench-
mark” solution Xt =

(
pBt+(x)p

) 1
p , where (x)p = |x|p signx. However, this solution is not unique, in fact, the equation

has uncountably many strong solutions. We show that, in contrast to the Itô counterpart of (1), the pathwise unique-
ness fails even for solutions spending zero time at zero. We also establish that the benchmark solution is in some sense
natural, and discuss discrete-time simulations.

This is a joint work with Ilya Pavlyukevich (Friedrich Schiller University of Jena).
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TLS-like estimators in linear-in-parameter regression models with errors in variables

S.V. Shklyar

Consider the problem of estimating a parameter β of the surface β>P (ζ) = 0 by observations zi = ζi + ~εi (i =
1, . . . ,m), where ζi are points on the surface, ~εi are random vectors (measurement errors), E~εi = 0, E~εi~ε>i = Σ. The
covariance matrix Σ is assumed to be known. (A more general assumption is Σ = κΣ0, where κ > 0 is unknown scalar
factor, Σ0 is known matrix.)

In a linear regression model, P (ζ) = ζ. (Alternatively, P (ζ)> = (1, ζ>) in a linear regression with intercept.) We
present conditions for the consistency of “heterogeneous” Total Least Squares estimator, which utilizes the matrix Σ
or Σ0. Besides, we consider a multivariate regression, where we estimate a subspace determined by several linear
equations.

We deal with nonlinear regression as well, where P (ζ) is a vector of polynomials in components of ζ and the error ~εi
is normally distributed. An estimator is constructed and the conditions for its consistency and asymptotic normality
are provided.

In restricted models, the parameter is constrained; e.g., we consider models where the parameter satisfies some
known algebraic equations. Those models can be used for fitting an ellipsoid with center on a known line or for fitting
a couple of lines. We discuss several reasonable estimators in such models.

Taras Shevchenko National University of Kyiv, Ukraine
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Non-homogeneous renewal risk model

J. Šiaulys

We say that the insurer’s surplus R(t) varies according to a non-homogeneous renewal risk model, if equation

R(t) = u+ pt−
Θ(t)∑
i=1

Zi

holds for all t > 0 with the insurer’s initial surplus u > 0, a constant premium rate p > 0, a sequence of independent,
non-negative and possibly non-identically distributed claim amounts {Z1, Z2, . . .} and the renewal counting process
Θ(t), that is generated by the inter-arrival times {θ1, θ2, . . .}, which form a sequence of independent, non-negative, not
degenerated at zero and possibly non-identically distributed random variables. In addition, sequences {Z1, Z2, . . .}
and {θ1, θ2, . . .} are supposed to be independent.

The properties of critical characteristics of the non-homogeneous risk renewal model and the homogeneous one
are similar if the generating claim amounts Z1, Z2, . . . and the inter-arrival times θ1, θ2, . . . satisfy some suitable
requirements. Some results on this can be found in [1], [2] and [3] for instance.
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Ergodic Theorems for Perturbed Alternating Regenerative Processes

D. Silvestrov

Results of complete analysis and classification of ergodic theorems for perturbed alternating regenerative processes
with semi-Markov modulation, based on quasi-ergodic theorems for perturbed regenerative processes [1], are pre-
sented. New short, long and super-long time individual ergodic theorems for regularly, singularly and super-singularly
perturbed alternating regenerative processes, are given [2]. Application to queuing, reliability and other types of
perturbed stochastic system and processes are also discussed.
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The heat equation on the plane with random factors from the Orlicz space

A.I. Slyvka-Tylyshchak

We consider the Cauchy problem for the heat equation [2]
∂u(x, y, t)

∂t
= a2

(
∂2u(x, y, t)

∂x2
+
∂2u(x, y, t)

∂y2

)
+ ξ(x, y, t),

−∞ < x < +∞, −∞ < y < +∞, t > 0,
subject to the initial condition

u(x, y, 0) = 0, −∞ < x < +∞,−∞ < y < +∞ t > 0.

Let the function ξ(x, y, t) = {ξ(x, y, t), (x, y) ∈ R2, t > 0} be a random field, selected from Orlicz space and
continuous with probability one, such that Eξ(x, y, t) = 0, E(ξ(x, y, t))2 < +∞.

For such problem conditions of existence with probability one of the classical solution are established [1]. The
estimation for the distribution of supremum of this solution are obtained.
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Hausdorff dimension of the probability measure with independent Q∞-symbols

O.V. Smiian

Let Q∞ = (q0, q1, ..., qn, ...) be an infinite stochastic vector with strictly positive coordinates and ξk be a sequence
of independent random variables with the following distributions:

P (ξk = i) := pi ≥ 0, ∀k ∈ N.
By using ξk and the Q∞-representation we construct a random variable ξ as follows:

ξ := ∆Q∞
ξ1ξ2...ξn...

.

Let µ be the measure corresponding to the distribution of the random variable ξ with independent identically
distributed Q∞-symbols.

The nonnegative number
dimH µ = inf

A∈Aµ
{dimH A}, where Aµ = {A : A ∈ B,µ (A) = 1}

is called the Hausdorff dimension of the probability measure.
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Denote

h = −
∞∑
i=1

pi ln pi, b = −
∞∑
i=1

pi ln qi.

Theorem 1. [1] If b < +∞, then Hausdorff dimension of the probability measure µ equals

dimH µ =
h

b

Theorem 2. If h < +∞ and ∀α ≤ 1 lim
i→∞

pi
qαi

=∞, then

dimH µ = 0.
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Transfer Principle for nth-Order Fractional Brownian Motion with Applications to
Prediction and Equivalence in Law

T. Sottinen1, L. Viitasaari2

The nth-order fractional Brownian motion (n-fBm) was introduced by Perrin et al. [1]. It is the self-similar Gaussian
process with Hurst index H ∈ (n− 1, n) having nth-order stationary increments. We provide a transfer principle for
the n-fBm, i.e., we construct a Brownian motion (Bm) from it and then represent the n-fBm by using the Bm in
a non-anticipative way. By using this representation, we provide the prediction formula for the n-fBm and also a
representation formula for all the Gaussian processes that are equivalent in law to the n-fBm.

The talk is pased on the preprint [2] that will appear in the special ssue of the journal ‘’Theory of Probability and
Mathematical Statistics” which will be devoted to special topic: Fractality and Fractionality.
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Long time behavior and invariant measures for stochastic PDEs

O.M. Stanzhytskyi

Let (Ω,F , P ) be a complete probability space. We consider the following equation
∂u

∂t
(t, x) = Du(t, x) + f(x, u(t, x)) + σ(x, u(t, x))Ẇ (t, x). (1)

Here
• D is an elliptic operator in unbounded domain of Rd.
• u(t, ·) ∈ H, Hilbert space of functions, e.g.

H = L2
ρ(R

d) := {u(x)|
∫
Rd

|u|2ρdx <∞}

with ρ ∈ L1(Rd) ρ ≥ 0 (typically polynomial or exponential decay).
• W = W (t, ·) ∈ H is a Wiener process, given e.g., as

W (t, x) :=

∞∑
k=1

√
akWk(t)ek(x),

whereWk(t) are independent scalar Wiener processes, ek is a orthonormal basis inH, such that supk ‖ek‖L∞(Rd) <
∞.
• a :=

∑∞
k=1 ak <∞ is called a nuclear norm of W .

We study the long-time behavior of solutions of (1). Our goal is:
• to find a solution which is a stationary process;
• to study the ergodic properties of the system.

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
E-mail address: ostanzh@gmail.com
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Fourier – Haar series of stochastic measures and their applications

N.O. Stefanska

Let µ be a stochastic measure (SM) on Borel σ-algebra of (0, 1], χn(x) be the classical orthonormal Haar system
in (0, 1]. We consider the process µ̃(t) = µ((0, t]), 0 ≤ t ≤ 1.

For 2k + 1 ≤ n ≤ 2k+1, the Fourier-Haar coefficients of µ have the form

ηn = 2k/2
(
−dikµ̃

(
dik
)

+ 2d2i−1
k+1 µ̃

(
d2i−1
k+1

)
− di−1

k µ̃
(
di−1
k

)
−
∫(
di−1
k ,d2i−1

k+1

] t dµ+

∫(
d2i−1
k+1 ,d

i
k

] t dµ),
where dik = i2−k, k ≥ 0, 0 ≤ i ≤ 2k. Using the partial sums of Fourier – Haar series SN (x) =

∑N
n=1 ηnχn(x), we

obtained approximation of trajectories µ.

Theorem 1. For each x ∈ (0, 1], if µ({x}) = 0 a. s. then SN (x)
P→ µ̃(x), N →∞.

For continuous µ̃ the uniform convergence of SN holds.
We consider a mild solutions of the Cauchy problem to the wave equations

uj(t, x) =
1

2
(u0(x+ at)− u0(x− at)) +

1

2a

∫ x+at

x−at
v0(y) dy

+
1

2a

∫ t

0

ds

∫ x+a(t−s)

x−a(t−s)
f(s, y, uj(s, y)) dy +

1

2a

∫
(0,t]

dµj(s)

∫ x+a(t−s)

x−a(t−s)
σ(s, y) dy .

We obtained the convergence of uj provided that µ̃j(t) = µj((0, t]) converge uniformly in probability.
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On singularity of distribution of random variables with independent symbols of S −Q∞
- expansion of real numbers

L.O. Sydoruk, G.M. Torbin

Let us consider the partition of the unit interval from the left to the right into the nonintersecting union of intervals
in the following proportion

(
1
2s ;

1− 1
2s

2 ; . . . ;
1− 1

2s

2k
; . . .

)
. Such a partition is said to be the S − Q∞-partition, S ∈ N.

Consider the following sequence of partitions of the unit interval. On the first step we do 1 − Q∞-partition, i.e., we
decompose the unit interval in the following proportion ( 1

2 ; 1
4 ; 1

8 ; . . .). On the second step we split the cylinder 40 in
proportions of 2−Q∞-partition, and on other cylinders of the first rank we do normal 1−Q∞-partition. On k-th step
we analyze each of the cylinders of (k− 1)-th rank: if among numbers α1, α2, . . . αk−1 there are no zeros, then we split
the cylinder ∆α1α2...αk in proportions of 1−Q∞-partition. If among numbers α1, α2, . . . αk−1 first zero appears on the
position m (m < k−1), then the cylinder ∆α1α2...αmαm+1...αk−1

is splitted in proportions of (k−m+1)−Q∞-partition.
It is clear that the proposed system of partitions leads to a corresponding symbolic expansion of real numbers from

[0, 1) which is said to be the S −Q∞-expansion.
Theorem 1. For λ-almost all x ∈ [0, 1] their S −Q∞-expansion contains symbol 0 only finitely many times.

Corollary 2. Let x = ∆S−Q∞
α1(x)α2(x)...αn(x)... - be the S − Q∞- expansion of real number, S ∈ N and let ξ =

∆S−Q∞
ξ1(x)ξ2(x)...ξn(x)... be the random variable with independent S −Q∞-symbols, P{ξk = i} = pik. Assume that

∞∑
k=1

p0k =

+∞. Then the probability measure µξ is singular with respect to Lebesgue measure.
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Simulation of Gaussian stochastic processes with given reliability and accuracy in
some Orlicz spaces

A.M. Tegza1, N.V. Troshki2

One of the actual problems of the theory of stochastic processes is the construction of a mathematical model of the
process and the study of general properties of this model. In this paper, we continue the research began in the papers
of Tegza and Troshki (see [1] and [2]). In these papers, the reliability and accuracy of the constructed models in the
space Lp(T ), p ≥ 1 was investigated. In the present paper we construct a model of the Gaussian stochastic processes
using a modified method of partition and randomization of the spectrum. In addition, we investigate the reliability
and accuracy of the model in exponential Orlicz space. The main result of the paper is a theorem about the accuracy
and reliability of the approximating model of Gaussian random process in the Orlicz space. We apply this theorem
to a specific example. Namely, we consider an example in which the covariance function of the process is represented
with the help of the Bessel functions of the first kind. For this case, we succeeded in finding the such smallest M
(the number of members in the series expansion of the process), at which the constructed model approximates the
Gaussian stochastic process in the Orlicz space of exponential type with given accuracy and reliability.
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On fractal faithfulness of Vitaly coverings and its applications in the theory of
singularly continuous probability measures

G.M. Torbin

Let x = ∆F
α1(x)α2(x)...αn(x)... be some F -expansion for real numbers over a sequence of admissible alphabets {An}

( [2]), and let Φ(F ) be the family of cylinders of this expansion. Let {ξk} be a sequence of independent random
variables, and let us consider the random variable ξ = ∆F

ξ1ξ2...ξk...
, which is said to be the random variable with

independent F -symbols. Let µξ resp. Fξ be the corresponding probability measure resp. distribution function. Let F̃
be some positional F -expansion corresponding to F . During the talk we shall discuss the following problems.

1) Conditions for the family Φ(F ) to be faithful for the determination of the Hausdorff dimension.
2) Fractal properties of topological supports and minimal dimensional supports of measures µξ.
3) DP-properties of probability distribution functions Fξ (i.e., conditions under which Fξ preserves the Hausdorff

dimension of any subset from the unit interval).
4) Properties of the mappings ϕ(∆F

α1(x)α2(x)...αn(x)...) = ∆F̃
α1(x)α2(x)...αn(x)....

5) Applications of the above properties for the developing of probabilistic, metric and dimensional theories of
F̃ -expansions.

A special attention will be paid for the Cantor series expansion, Q∞-expansion [1], I−F -expansions [2], GLS−expan-
sions [3] and ML−expansions [4].
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Estimates of covariance functions of Gaussian stationary stochastic process in Lp(T )
when its value is known only in a finite set of points

V.B. Troshki

In practice, the meaning of a stochastic process is usually observed at certain moments of the time. In other words,
we can only obtain some limited amount of information about the value of the process and based on these data we
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need to draw conclusions about the covariance function of the process or the process itself. Such an example can be
the observing of temperature indices of a particular region.

A covariance function is one of the main characteristics of a stochastic process, so its evaluation is an important
task in the theory of stochastic processes. In this paper, we were able to obtain an estimate of the covariance function
of a Gaussian stationary stochastic process, when the values of this process are known at some point of time, the
number of which is finite. Based on this estimate, we developed a criterion for testing hypothesis about the covariance
function of a Gaussian stochastic process when the values of this process are known in a finite set of points.

This paper is a continuation of the papers [2] and [3]
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On DP-properties of probability distributions generated by Cantor series expansion

G. Torbin1, O. Vaskova2

Let {ξk} be a sequence of independent random variables taking values 0, 1, ..., nk − 1 with probabilities

p0,k, p1,k, ..., pnk−1,k respectively (
nk−1∑
i=0

pi,k=1) where {nk} is a sequence of positive integers such that nk ≥ 2, ∀k ∈ N.

Let us consider a random variable ξ:

ξ =

∞∑
k=1

ξk
n1 · n2 · . . . · nk

(1)

with independent symbols of Cantor series expansion. Let µξ resp. Fξ be the corresponding probability measure resp.
probability distribution function.

The problem of finding conditions under which Fξ preserves the Hausdorff-Besicovitch dimension was initially
studied in [1, 2].

In our talk we shall present some new results on conditions under which the probability distribution functions
preserve the Hausdorff-Besicovitch dimension of any subset of the unit interval.
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On comparison problem for two neutral stochastic integro-differential equations in
Hilbert space

A.O. Tsukanova

A comparison result for solutions to the Cauchy problems for two stochastic integro-differential equations with
delay is discussed. This subject has been intensively studied by number of authors. We deal with the following
Cauchy problems for two neutral stochastic integro-differential equations

d

(
ui(t, x) +

∫
Rd

bi(t, x, ui(α(t), ξ), ξ)dξ

)
= fi(t, ui(α(t), x), x)dt

+ σ(t, x)dβ(t), 0 < t ≤ T , x ∈ Rd, i ∈ {1, 2},

(1)

ui(t, x) = φi(t, x), − r ≤ t ≤ 0, x ∈ Rd, r > 0, i ∈ {1, 2}, (1*)
where T > 0 is fixed, β is one-dimensional Brownian motion, fi : [0, T ]× R× Rd → R, i ∈ {1, 2}, σ : [0, T ]× Rd → R
and bi : [0, T ] × Rd × R × Rd → R, i ∈ {1, 2}, are some given functions, φi : [−r, 0] × Rd → R, i ∈ {1, 2}, are initial
datum functions and α : [0, T ]→ [−r,∞) is a delay function. As we see, in addition to drift and diffusion coefficients,
equations (1) include also one integro-differential term. Basic difference of the problem (1) — ( 1*) from the case
of earlier investigated problems is presence of this term. For solutions u1 and u2 of these problems a comparison
theorem is proved. According to the obtained result, under certain assumptions on the coefficients of the problem
under consideration (in particular, f1 ≥ f2), u1 ≥ u2 with probability one.
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On the resolvent of singularly perturbed operator

H.V. Tuhai

Let A = A∗ be an unbounded self-adjoint operator defined on D(A) in a separable Hilbert space H. A self-
adjoint operator Ã 6= A is called a singular perturbation of A, if the set D := {f ∈ D(A) ∩ D(Ã)|Af = Ãf}
is dense in H. Ã ∈ Pns (A) if the symmetric operator Ȧ := A � D = Ã � D has non-trivial deficiency indices
n±(Ȧ) = dim Ker(Ȧ± i)∗ = n <∞.

Theorem 1. (cf. with [1]) Let the operator Ã ≡ An ∈ Pns (A) solve the eigenvalue problem Anψk = Ekψk, k =
1, . . . , n, for given Ek ∈ R and for some orthogonal system of vectors ψk with condition, span{ψk}nk=1 ∩D(A) = {0}.

Then the resolvent R̃(z) ≡ Rn(z) of operator Ã admits the recurrent representation
Rn(z) = Rn−1(z) + b−1

n (z) (·, ηn(z̄)) ηn(z), (1)
where R0(z) = (A− z)−1, and

ηj(z) = (Aj−1 − Ej)Rj−1(z)ψj , bj(z) = (Ej − z) (ψj , ηj(z̄)) , j = 1, . . . , n.

Furthermore,

bn(z) =
dn(z)

dn−1(z)
with d0(z) = 1, dn(z) = detMn(z),

where elements of matrices Mn(z) = (cij(z))
n
i,j=1 are defined as

cij(z) =

{
(Ei − z) (ψi, (A− Ej)R(z̄)ψj) , i ≥ j,
(Ei − z) (ψj , (A− Ej)R(z̄)ψi) , i < j.
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Uniform convergence of a wavelet-based expansion of a random process

I.V. Turchyn

Let φ be a father wavelet, and ψ be a corresponding mother wavelet (see [2]). We consider a centered second-order
random process X = {X(t), t ∈ R} whose correlation function can be represented as

R(t, s) =

∫
R
u(t, y)u(s, y) dy.

Such a process can be expanded in the mean square convergent series

X(t) =
∑
k∈Z

ξ0ka0k(t) +

∞∑
j=0

∑
k∈Z

ηjkbjk(t), (1)

where
a0k(t) =

1√
2π

∫
R
u(t, y)φ̂0k(y)dy, bjk(t) =

1√
2π

∫
R
u(t, y)ψ̂jk(y)dy,

the random variables ξ0k, ηjk are centered and uncorrelated.
Conditions for uniform convergence of series (1) with probability 1 are obtained for a wide class of random processes

which includes stationary and non-stationary processes. This result may be regarded as a generalization of a similar
theorem from [1] where only stationary processes were considered.
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Stochasticity and deterministicity in mechanical systems

V.M. Turchyn, O. Pyrozhenko, V. Dubyna

One of the classical principles of mechanics is the principle of determinism according to which the temporal evolution
of a system is specified unambiguously by the initial state of this system. But there are mechanical systems whose
evolution can not be forecasted although their movement is described by ordinary differential equations. An example
of a mechanical system which illustrates the aforementioned statement, is a dumbbell which moves in a vertical plane
after being tossed and afterwards collides with a horizontal surface. The dumbbell stops after several collisions with
the horizontal plane and it has certain orientation with respect to the x axis — one or the other end of the dumbbell
may point to the positive direction.

Experiment shows that it is impossible to forecast the dumbbell’s orientation with respect to the x axis.
Impossibility to predict the result of the experiment is due to the following reasons: 1) the initial conditions are

given with certain precision which can not be less than a certain limit value; 2) the phase space of initial conditions
with respect to result of the experiment has fractal structure. So, it has been established that the phase space of the
initial conditions has a fractal structure and, as a consequence, to predict the result of the experiment is impossible.
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Statistical simulation of random fields

Z.O. Vyzhva1, K.V. Fedorenko2

We consider the real valued random field ξ(t, x), t ∈ R, x ∈ Rn, n ≥ 4 with the spectrum, bounded in time, that
is also homogeneous with respect to time variable t and homogeneous and isotropic with respect to space variable x.
The approximating model is constructed by means of Shannon decomposition and is written as follows

ξ̃N,M (t, ρ, θ1, . . . , θn−2, ϕ) = cn

N∑
k=−N

sinω(t− kπ
ω )

ω(t− kπ
ω )

M∑
m=0

h(m,n)∑
l=1

Slm (θ1, . . . , θn−2, ϕ) ξl,km (ρ),

where (θ1, . . . , θn−2, ϕ) are spherical coordinates of the point x, Slm (θ1, . . . , θn−2, ϕ) are orthonormal sequences of real
valued spherical harmonics of order m, h(m,n) is the number of lineary independent spherical harmonics, c2n is the
constant, ξl,km (ρ) are the sequences of Gaussian random variables. We estimate the mean-square distance between
the random field and its approximating model. Our main aim is to construct the simulating procedure based on the
obtained estimates. It gives an opportunity to generate computer realizations of the data.
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On some properties of γ-reflected processes with sub-Gaussian input

R. Yamnenko

The γ-reflected process is a random process of the following form
Wγ(t) = X(t)− f(t)− γ inf

s≤t
(X(s)− f(s)),

where X(t) is an input process and f(t) is a given monotone increasing service function.
The paper is devoted to investigation of properties of the γ-reflected process with random input from a certain

Orlicz space of exponential type, namely sub-Gaussian and ϕ-sub-Gaussian classes are studied. The process can be
met in insurance mathematics as a risk process for which income taxing is conducted via loss-carry-forward scheme
where a proportion γ of incoming premiums is paid when the process is on its maximum. The special case of γ < 0
can be interpreted as a stimulation proportional to the increase of maximum and a value γ > 1 can be considered as
corresponding model with inhibition.
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Distribution of the suprema distribution of tγ-reflected process is studied and upper estimates of the ruin probability
P {suptWγ(t) > x} of the corresponding risk model are obtained for all γ ∈ R. As an example the results are applied
to the γ-reflected process with sub-Gaussian fractional Brownian motion input.
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The problem of large deviations for Markov evolutions in the scheme of nonlinear
approximation

O.A. Yarova

The problem of large deviations was originated as a method of solving statistical problems associated with the
estimation of probability of rare events.

We consider the family of normalized Markov processes with independent increments ηδε(·) and Markov random
evolution ξδε(·) with trajectories in D[0;∞). In the scheme of Levy approximation there are two normalizing functions:
g1(ε) normalizes time and value of jumps and f1(δ) normalizes intensity of jumps.

So, our family has a form

ξδε(t) = ξδε(0) +

∫ t

0

ηδε

(
ds;x

(
s

(g1(ε))3

))
, t≥0,

ηδε = g1(ε)ηδ
(

t

(g1(ε))3

)
, t ≥ 0

Theorem. Under conditions of nonlinear Levy approximation, the weak convergence
ξδε(t)→ξδε(0), as ε→ 0, δ → 0,

holds true.
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Limit theorems and transitional phenomena in the renewal equation in random
environments

Ya.I. Yeleyko

The asymptotical behavior of the generalized solution of a multidimensional renewal equation is studied. Compar-
ison of its behavior with the asymptotical behavior of solution of a multidimensional renewal equation is provided.

Consider the matrix renewal equation in the scheme of series,

Xε(t) = Aε(t) +

∫ t

0

F ε(du)Xε(t− u), t≥0, ε > 0,

where Aε(t), Xε(t) are the families of non negative matrix valued functions and unknown matrix valued functions,
respectively. So, the renewal process can be described by matrix Hε(t) of renewal equation with free term Aε(t).

We obtain that the choice of normalizing factor for renewal matrix Hε(t) depends on F ε(t) and does not depend
on Aε(t).
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Estimates for distributions of some functionals of stochastic processes from Fψ(Ω)
spaces

D.V. Zatula

Consider some metric space (T, ρ) and a stochastic process X = {X(t), t ∈ T} such that the upper limit of the
value sup

0<ρ(t,s)≤ε
|X(t) −X(s)|, divided by some function f(ε), does not exceed 1 as ε → 0 for all t, s ∈ T. If it holds

then the function f is a modulus of continuity for the process X.
A space of functions with moduli of continuity f(ε) is the Hölder space and the functional

sup
0<ρ(t,s)≤ε
t,s∈T

|X(t)−X(s)|
f(ρ(t, s))

is a semi-norm in this space. In the following we produce the estimates of distributions of Hölder semi-norms of sample
functions of stochastic processes X = {X(t), t ∈ T} belonging to Fψ(Ω) spaces, where the space T is a compact or an
infinite interval.

Moduli of continuity and similar estimates were provided for Gaussian processes, defined on a compact, by Dud-
ley [1]. Buldygin and Kozachenko [2] generalized Dudley’s results to random processes belonging to Orlicz spaces.
Kozachenko et al. [3] studied the Lipschitz continuity of generalized sub-Gaussian processes and provided estimates
for distributions of Lipschitz norms of such processes. But all these problems were not considered yet for processes,
defined on an infinite interval.
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How big are the increments of the compound renewal processes?

N.M. Zinchenko

Let D(t) be compound renewal process of the form D(t) = S(N(t)) =
∑N(t)
i=1 Xi, where {Xi, i ≥ 1} are r.v.

independent of the renewal (counting) process N(t). We propose a number of integral tests for investigation of the
growth rate of the increments ∆(t, at) = D(t+at)−D(t) on the intervals, whose length at grows as t→∞, but not faster
than t. The cases of independent, weakly dependent and associated summands are studied as well as random variables
satisfying ϕ-mixing conditions; a lot of attention is paid to the case of heavy-tailed summands. For example, in the case
when i.i.d.r.v. {Xi} are attracted to asymmetric stable law Gα,−1, 1 < α < 2, and inter-renewal times {Zi} are i.i.d.r.v.
with finite moments of order p ≥ 2, EZ1 = 1/λ > 0, then non-decreasing function f(t) = ca

1/2
t h(t), h(t) ↑ ∞, c > 0,

will be an upper (lower) function for centered increments (∆(t, at)−λat(EX1)) according to convergence (divergence)
of the integral

∫∞
1
a−1
t h−θ/2(t) exp{−Bhθ(t)}dt, where B = B(α) = (α− 1)α−θ| cos(πα/2)|1/(α−1), θ = α/(α− 1).

As a consequence various modifications of the Erdös-Rényi-Csörgő-Révész-type SLLN for compound renewal pro-
cesses were obtained. Useful applications in financial mathematics, queueing and risk theories are discussed. Cor-
responding proofs are based on rather general theorems about the strong approximation of the compound renewal
processes by a Wiener or α-stable Lévy process under various moment and dependent assumptions on {Xi} and {Zi},
a nice background for such results is a number of a.s. approximation theorems for the superposition of the random
processes [1].
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